< (”\(,

Faculty of Sciences Department of Mathematics and
University of Novi Sad Ay A lc Informatics
& z
3 >
‘2 p————
> /“/————' &
® 1969 o

Y s RBl N

Master’s Thesis

Submitted to
Faculty of Sciences
Department of Mathematics and Informatics
By

Dunja Dragomanovié

Convex Optimization for Big Data

Supervisor: Prof. dr. DuSan Jakovetic¢

December 2025



Acknowledgments

I am thoroughly thankful to Dr. Dusan Jakovetic¢ for his mentorship and dedication to the students
throughout the master’s studies. I would also like to express my sincere gratitude to Dr. Maja Joli¢
and Dr. Natasa Krklec Jerinki¢ for their kind review of this thesis, valuable advice, and for serving
on the thesis committee.

I am extremely thankful to all of my colleagues in both the bachelor’s and master’s programs.

Last but not least, I want to thank my family, especially my husband Danilo, for his huge support
and belief in me throughout the studies. I dedicate this thesis to them.



Table of Contents

LLIST OF FIQUIES ...ttt et b e s et et e s bt sat e e ab e e sbeesab e e b e e nbeesateenbeenaeesaneens 1
LIST OF TADIES ... ettt e b e s bt st b e nh e st e be et e nneen 2
O Lo 0 o To [FTox A o] o PO TP PSP PRRTPTRPP 3
2 CONVEXITY ..ttt ettt ettt e h e st e bt sht e et e e bt e sht e e st e e bt e sat e e bt e bt e nat e et e e b e e nhn e e b e e naeeeaee 5
2.1 CONVEX SBES ...ttt e s a e s saa e 5
2.1.1 Definition OF CONVEX SBL......c.ecciiiiiiiiiieiiiiesit ettt 5
2.1.2 Some significant examples Of CONVEX SELS .....cvuveeiciiieriee ettt e e 6
2.1.3 Operations that preserve CONVEXItY OF SELS ......ccviviciieiiee e 7

2.2 CONVEX TUNCTIONS ...ttt ettt et sbe e s ne s 12
2.2.1 Definition of CONVEX TUNCLION.......cccooiiiiiiiiiieiiecceee e 12
2.2.2 Jensen’s inequality GNRd eXTIENSIONS .....................oeeiiieimiiiiiiiiieeeeeeiiniiiiieeeeesssssssiraeeeeeesssnsanns 13
2.2.3 Zer0-0rder MENOGS ........coeeiiiiiiiiicte ettt 13
2.2.4 First-0rder METhOUS. .......cocviiiiiiiiice e 14
2.2.5 SeCoNd-0rder MELNOGS ........ccueriiiiiiiiiitet et 17
Wl = o T | = o] ISR 20
2.2.7 Examples of convex and concave FUNCLIONS ..........ceeeiieiiiiie e 21
2.2.8 Operations that preserve convexity of fUNCLIONS ..........cccooeiieiiiie e, 23

3 Convex optimization ProDIEMS.........ccveiiiee et s e e e e eae e e sebe e eeree e 33
KRN @] o] 110 4]V4= 14 [0] gl o] o] o] =] 1 1R 33
3.1.1 FUNdameNtal tEIMNS ........oouiiiiiiiiiieieet et 33
3.1.2 Optimal and locally optimal POINES.........cociveeiiiee e 34

3.2 Convex optimization ProbDIEMS ........ooiieiiiiee et e et e et e e bae e sbeeeareeens 34
3.2.1 Convex optimization problems in standard form...........ccccoee e, 34
3.2.2 Abstract form convex optimization problem ..........c..ocovviiiiiiiie e 35
KT T O o] {1 TR PPRSP 35

4 First-Order Methods for Smooth and Non-Smooth Convex Optimization ...........cccceceveevcieeeennenn. 37
4.1 SMOOLN OBJECTIVES ...ttt st s e e et e e s ta e e s abeeesareeearaeas 37
4.1.1 Gradient MELNOU ......c..coiiiiiiie et 37
4.1.2 Accelerated gradient MEtNO .........cccuviiiiei it e s 44

4.2 COMPOSITE ODJECTIVES. ... viiiiiiieciei ettt ete et e et e e s be e e s ab e e e ba e e sbe e e satee e tbeesabeeesabeeesnseeenseeas 45



4.3 ProxXimal ODJECTIVES .......coouiiiiiieiieiieee ettt ettt et st e b e san e e bt e saeesaneen 50

5 Big Data scaling via randomiZaTtION ............cocueeiierierieeiie ettt ettt ennees 53
5.1 Coordinate descent MENOUS. .........couiiiiiiieiieee e 53
5.2 Stochastic gradient METNOOS ..........ooviiiiiiiee e 56
5.3 Randomized [iNear algebra............ooiiiiioiiii e 61

6 The role of parallel and distributed COMPULALION.........cceeriiriiiiiiiieeeee e 63
6.1 Embarrassingly parallel first-order methods............cccooeeiiiriieiienieee e 64
6.2 First-order methods with reduced or decentralized communications............cccccoceeeveneeniennnenn. 66
6.3 Asynchronous first-order methods with decentralized communications ..............ccccceevueenee. 70

T CONCIUSION oo 71



List of Figures

1. The square which contains some boundary points but not others(source:[1]) ........c..ccccouuu..... 5
2. Banana-shaped Set(SOUFCE: [1]).........cccowiiiieimiiieiiiie ettt b
3. NOT=CORMVEX SO ...ttt ettt et ettt sttt e 5
4. Convex hull of banana-shaped set from Figure 2(Source:[1]) ........cccccovmviiiiiieeniieaiieeneeene, 5
5. The convex hull of a set of fifteen points (dots) is the pentagon(source:[1]) ........cccceeuvevevunn... 6
6. Left. Set S €R2. Figure of the domain of the linear-fractional function ......................c........... 11

Right. Image of S under f . Figure of the domain of f ~(source:[1])
7. GFapPh Of @ CONMVEX fUNCHION............cccuveeeieeiiie ettt et et e et esate e e eaae e e s e ennsae e 12
8. An illustration of the restriction of function f (x1, x2) to a line(source:[7]) ........ccccccemvvvenccacs 14
9. llustration of inequality (2.3) (SOUFCE:[1]) ....cccoevveeiiiiiiiieeiiie et 15
10. Epigraph of a function(shaded)(SOUFCe:[1]) ........cccccooouiiiieiiiieiiiieeciie et 20
11. Progression of function F(xX") for solving (right) LASSO and (left) LS formulation for four

methods with practical enhancements(SOUTCE:[6]) ..........cccveuvueeveieaiiiieeiiieeieieeie e 48
12. The convergence plot of three methods, where objective is heteroskedastic LASSO................... 50



List of tables

1. Total number of iterations to reach an accuracy & for the different cases (source:[6])



1 Introduction

In various applied fields today, it has become standard practice to address challenges through
data analysis, particularly by employing statistical and machine learning techniques on large
datasets. This approach, commonly known as "Big Data," has gained significant traction in
industrial applications. While these challenges emerge across a wide range of domains, they share
several common features. First, the datasets tend to be extremely large, often containing hundreds
of millions or even billions of data points. Second, the data is frequently high-dimensional, as
advanced measurement and storage technologies allow for the collection of highly detailed
information about each data point. Third, due to the scale of many modern applications, data is
often stored or gathered in a distributed fashion. Consequently, it has become increasingly crucial
to develop algorithms that are not only sufficiently sophisticated to capture the intricacies of
contemporary data but also scalable enough to handle vast datasets in a parallel or decentralized
manner. Many such problems can be posed in the framework of convex optimization.

In this master thesis the advantages in convex optimization algorithms for Big Data will be
discussed. Big Data problems require a fundamental repair of how convex optimization algorithms
are designed. The goal is to reduce the computational, storage, and communications problems
which appear with a large amount of data.

Mathematical optimization (or just optimization) or mathematical programming is a field of
mathematics that deals with selecting the best element from a set of feasible solutions, taking into
account certain criteria. Finding the optimal solution is something that we encounter in our
everyday life. Indeed, mathematical optimization has become an important tool in many areas. It
plays a significant role in engineering disciplines, including electronic design automation and
automatic control systems, as well as in optimal design challenges found in civil, chemical,
mechanical, and aerospace engineering. Additionally, optimization techniques are applied to
problems in network design and operation, finance, supply chain management, and scheduling.
The range of applications continues to grow steadily.

In general, solving the optimization problem consists in maximizing or minimizing the objective
function by systematic selection of values from the set of feasible solutions and by calculating the
value of the function in (selected) optimal point.

Convex optimization problem is optimization problem where objective function is convex.
Convex optimization is applied in machine learning, statistics, signal processing, control systems,
finance, operations research, image processing, robotics, etc. There are constrained and
unconstrained convex optimization. In this thesis the unconstrained problems will be analyzed.

The following section will define convex sets, provide examples, and discuss operations that
preserve the convexity of sets. Convex sets are important because convex functions are defined on
them. This section will also cover convex functions, their definitions, examples, and operations
that preserve their convexity. Additionally, it will present zero, first, and second-order methods. In
this context, zero, first, and second-order methods refer to different ways of analyzing the



convexity of functions based on derivatives. The third section discusses fundamental terms related
to optimization problems, including their optimal and locally optimal points. It also covers convex
optimization problems, both in standard and abstract forms, and their optimal points. The fourth
section introduces first-order methods for both smooth and non-smooth convex optimization. For
smooth problems, the Gradient Method and Accelerated Gradient Method are presented. It can be
seen how effective these methods are when the objective function is convex or strongly convex
with a Lipschitz continuous gradient. When the objective function F consists of a differentiable
convex function f'and a non-smooth convex function g (in composite form), the Proximal-Gradient
Method and Accelerated Proximal-Gradient Method are introduced. This section also presents a
reformulation of the composite form that can handle non-smooth and non-Lipschitz objective
functions. To solve this reformulation, the ADMM (Alternating Direction Method of Multipliers)
algorithm is used. The fifth section explores various randomization techniques designed to enhance
the scalability of first-order optimization methods. It includes Coordinate Descent Methods and
Stochastic Gradient Methods, highlighting key concepts such as the use of random partial updates
for optimization variables, replacing deterministic gradient and proximal operations with cost-
effective statistical estimators, and accelerating fundamental linear algebra procedures through
randomization. The sixth section focuses on the influence of parallel and distributed computation
on first order methods. The last section is conclusion.

Notation
In this thesis the following notation will be used:

C1(Q) - the class of functions that are continuously differentiable on Q; that is, functions whose
first derivatives exist and are continuous on 2.

C2(£)) - the space of functions that are twice continuously differentiable on Q; that is, functions
whose first and second derivatives exist and are continuous on Q.

V f - gradient of function f; that is, the vector of all first-order partial derivatives of /.

V2f - Hessian matrix of function f; that is, the matrix of all second-order partial derivatives of
function f.



2 Convexity

For this chapter reference [1] and [15] are consulted.

2.1 Convex sets
2.1.1 Definition of convex set

Definition 2.1.1 4 set S € R" is convex if for any x, y €S and any 0 € [0,1], there holds that

Ox+(1-0)y €S

(2.1)

In words, S 1s convex if the line segment between any two points in S remains in S. It can be said
that a set is convex if every point in the set can be seen by every other point, along an undisturbed
straight path between them (undisturbed means being in the set).

A point of form @;x; + - - - + G, where 0; + - - -+ = 1and 6; >0, i = 1, ..., k is convex
combination of points x;, ..., x; from S. It can be proved that a set is convex if and only if it contains

every convex combination of its points.

The convex hull of a set S, denoted by conv S, is the set of all convex combinations of points in S:
convS={0ix;+ -+ 6x, | xi €S,0;>0,i=1,..,k 0;+---+ 0= 1}. The convex hull conv

S is always convex.

]
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Figure 1 The square which contains some boundary
points but not others, is not convex. (source: [1])

Figure 3 Non-convex set (source: [1])

Figure 2 Banana-shaped set (source: [1])

This set is not convex because the line segment
between the two points in the set shown as dots is
not in the set.

Figure 4 Convex hull of banana-shaped set
from Figure 2 (source: [1])



Figure 5 The convex hull of a set of
fifteen points (dots) is the pentagon
(shown tinted). (source: [1])

2.1.2 Some significant examples of convex sets

» The whole space R", any single point, and the empty set @, are convex.

* A line segment is convex.

* Any subspace of R™ is convex.

* A ray, which has the form C = {xy + 0z | § > 0}, where xp € R"™,z € R", z # 0, is convex.

Proof:

Let’s suppose that x; and x> belong to C, i.e. x;€ C, x2€ C. In other words, x;=xo+ 6z and x>=xo+
02z, 0,>0, 6,>0. According to the definition of convex sets, we have to prove that ax;+(1—a) x2€
C, where 0 <a<1.

ox;+(1—a) x2=axp+0b0iz+(1—0) xo+(1—a) Oz=001z+x0+(1—0a) Oz=x0+(a0;+ (I—0a) 6;) z.

From 0< a <I and 6;>0, 6:>0 follows that a0+ (I—a) 6>>0, so ax;+(1—a) x2€ C.

* A ball is convex set.

A (Euclidean) ball in R™ has the form:

B( X, r) = {x Hlx—x Il < r}, where r > 0, and || - ||» denotes the Euclidean norm.

Proof:

Suppose that x  and x, belong to ball B, so llx, —x Il,<r, llx,— x_Il, < r, where 0 € [0,1], then
o + (1—0) xz—xr||2=||9(xl—xc) +(1-0) (xz—xr) I, <

<Ollx,—x ll,+ (1-0) llx,—x Il,< (Follows from homogeneity and triangle inequality of Euclidean norm)
< 8r+ (1-6) r=r (Follows from assumption that x  and x,, belong to ball B)

So, by definition of ball follows that 8x; + (1 — 8)x, belongs to ball B, so B is convex set.



2.1.3 Operations that preserve convexity of sets

Intersection

Convexity is preserved under intersection.

Theorem 2.1.1 Suppose that {S}" 1 is a family of sets which are convex. Then intersection of

them N S is convex.

Proof:

If intersection is empty set or consists of a single point then it is convex. Otherwise, if we take
arbitrary x, y €N S and 6 € [0,1], then x, y€ S, Vi (because x, y are in intersection). Since S is
i

convex for Vi we have that 0 x+(1-0) y €S Vi, so 0 x+(1-6) y €N § . From definition of convex

set follows that M S, iS convex. n

1

Affine functions

Definition 2.1.2 4 set S € R" is affine if for any x, y €S and any 0 €R, there holds that
Ox+(1-0)y eS. (2.2)

Definition 2.1.3 4 function f: R — R™ is affine if it has the form f(x) = Ax + b, where A €
R™ ™ and b € R™.

Theorem 2.1.2 Suppose S € R" is convex and f: R"™ — R™ is an affine function. Then the image
of S'under f, f(S) = {f(x) | x €S}, is also convex.

Proof:
Let’s take arbitrary f(x) and f(y) from f(S), (x, y €S), and 6€[0,1].
0 f(x)+(1- 0) f(y) =0 (Ax + b) +(1-0) (Ay + b) =
=0Ax+0b+ (1-0) Ay + (I- 0) b=
=0Ax+0b+ (I-0) Ay +b—-0b =
=0 Ax+(1-0) Ay + b =
=A@x+(1-0)y) +b
Since S is convex follows that 6 x + (1- §) y€ S.

0 f(x)+(1- 0) f(v) has a form of affine function and 6 x + (1- 8) y€ S, so 0 f(x)+(1- 6) f(y) Ef (S).
By definition we have that f'(S) is also convex set. |
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Theorem 2.1.3 Suppose that /1 R¥ — R™ is an affine function, /7 (S) = {x | f{x) €S} (the inverse
image of S under f), is convex.

Proof:

Let’s take arbitrary x, y €' (S) and € [0,1]. It is necessary to show that 0 x+(1- 0) y €1~ (S),
so we will prove that f(6 x+(1- 6) y) €S.

f(@x+(1-0)y) =A (0 x+(1-0) y) + b = (This is because of assumption that f'is affine function)
=0Ax +(1-0) Ay +b+0b—-0b=
=0 (Ax + b) +(1-0) (Ay + b) =
=0fx) + (1- 0) f¥)

Because x, y €f ! (S), we know that f{x), f(y) € S. From assumption that S is convex set follows
that 0 f(x) + (I- 0) f(y) €S, so we proved the required. [ |

Scaling
Theorem 2.1.4 If S € R" is convex and a € R then set oS = {ox | x €S} is convex.
Proof:

Let’s take arbitrary x; and x> from oS and 6 € [0,1]. There are x and y from S such that x; = ax and
X2= 0.

Oxi+ (1-0) x2=0ox + (I-0) ay = (O x + (1- 0) y)

Because § is convex set it follows that 8 x + (1- ) y € S by definition. Hence, a (0 x + (1- 6) y) €
aS. So, 0 x; + (I- 0) x> € aS, which means that oS is convex set. [ |

Translation
Theorem 2.1.5 If S € R" is convex and @« € R™ thenset a + S = {a + x | x €S} is convex.
Proof:

Let’s take arbitrary x; and x> from a + S and 6 € [0,1]. There are x and y from § such that x;=a +
xand x2=a +y.

Ox;+(1-0)x2=0(a+x)+(I-0)(a+y)=0a+bOx+a+y—-0Qa-0y=a+0x+(I-0)y

Because S is convex set it follows that 8 x + (1- ) y € S by definition. Hence, a + 0 x + (I-0) y €
a+ 8. So,0x;+ (I- 6) x> Ea + S, which means that a + § is convex set. [ |



Minkowski sum
Theorem 2.1.6 S; + S> is convex set if S; and S> are convex.
Proof:
*Recall that sum of two sets is defined as S;+ S>= {x + y: x€S;and y €S>}
Suppose that e, f €S+ S2. Leta, b €Srand ¢, d €S2 suchthate =a +candf=b + d.
Oe+(1-0)f=0@+c)+(1-0) (b+d =
=0a+0c+(1-0)b+(1-0)d=
=@a+(1-60)b)+@c+(1-0)d)

Since a, b € S;and S; is convex set, from definition it follows that 6 a + (1- 6) b€ S;. Similarly,
since ¢, d € S>and S>is convex set, from definition it follows that 8 b + (1- 6) d€ S-.

To conclude, (0 a + (1-0) b) + (O c + (I-0)d) €S1+ 82, s00 e+ (I-0) f €S1+ 52, so it follows
that S;+ S> is convex set by definition. [

Linear-fractional and perspective function
Perspective function

Definition 2.1.4 A perspective function is a function P: R*"*1 — R"  P(z, 1) = % where z € R"

andt > 0.

Theorem 2.1.8 Let P be perspective function. If S € dom P is convex, then its image P(S) = {P(x)
| x €S} is convex.

Proof:

Let’s note that P(S) = {y €R" : F(z, t) €S, such that y=§}. Consider any y,, y, € P(S) where
z z
Y= t—l and y, = t_z We have to prove that for any 0 € [0, 1], y =0y + (1 - 0) y,€ P(S). In

1 2
Z

) 0

other words, we have to prove that there exist (z,, 7,) € Ssuch that y = P
0

Since (z 1), (2, ty) are two points in the convex set S, so their convex combinations are

contained in S. Let’s assume thatz0 =Az, + (1 -1z, and ty=At + (1= 7)1,

The aim is then to find a A € [0, 1] such that the following equality holds:

z, z, Az +(l=-n)z,
0—+(1-0) —=
rl Ty A+ (1=-n)i,

It can be checked that previous equality holds when:

9



or

4

A =
(1-0)1,+ 0t

2

Since & € [0, 1], it follows that A € [0, 1].

So, we proved that given any two points y,, y, € P(S), and any ¢ € [0, 1], their convex
4

combination y may be represented as I—O where (z, ) € S. This means that y € P(S). By

0
definition, P(S) is convex.

Theorem 2.1.9 If S €R" is convex, then P "' (S) is convex where P is a perspective function.
Proof:
First note that P ' (S) can be written as:
PI(S) = {(z, € R | % €S,1 >0
Let’s assume that ( 2 t), (2, 1,) EP “1(S) and 6 € [0, 1]. We have to show that

G(zl, rl) +(1—9)(z2, tz)EP’1 (S), i.e.
o+ (1-0)g,

y= ES
ot +(1-0)1,

4 z
Let’s suppose that y may be represented as: y= p [—I +(1=p) t_z , where u € [0, 1]. Then we
1 2
have to find p such that:

g 1-6 u 1—p

g+ (-0 a—g 2 T T
1 2 1 2 1 2

It can be showed that previous equality holds when:

or,

O+ (1-6)1,

m

Because 0 € [0, 1] and ¢, t,> 0, it follows that p € [0, 1].

4 F4
To conclude, y is a convex combination of ’ and P which are in §. From assumption that S is
1 2
convex, it follows that y € S, and P "' (S) is a convex set.

10



Linear-fractional functions

Definition 2.1.5 4 linear-fractional function is composition of the perspective function and an
affine function. Assume that g: R™ — R™*1 js affine, i.e.,

A b
2] )]

where AER™™, b € R™, c ER"™ andd € R Then a linear-fractional function f: R"— R™ is
defined by f = Pe g, i.e.,

Ax + b
f(x)=——,dom f ={xlcTx + d >0}.
clx + d

Theorem 2.1.10 If set S € dom f is convex and f is linear-fractional function, then f (S) is also
convex set.

Proof:

Let’s suppose that fis defined as above. As we proved, the image of convex set under affine
mapping is convex (Affine functions preserve convexity), so g(S) is convex. Furthermore, the
image of g(.S) under the perspective function P, which is 7 (S), is convex by Theorem 2.1.8.

Theorem 2.1.11 If set S € R™ is convex and f is linear-fractional function, then f ~'(S) is convex
set.

Proof:

Let’s suppose that f is defined as in Definition 2.1.3. So, f = (S) = g~ o P~ ! (S). From Theorem
2.1.9 we know that the inverse image of convex set under perspective function is convex, so P~ !
(S) is convex. Furthermore, the inverse image of P~1(S) under affine mapping is convex from
Theorem 2.1.3. Therefore, f ~'(S) is convex set. [ |

Left. Set S € R2. The bold line shows the boundary
of the domain of the linear-fractional function

X
20, 2o ﬂx) =, with
X, +x,+ 1

dom f = {(xl,x2)|x|+x2+ 1>0}.

1 4 Right. Image of S under f . The bold line shows the
71 2 boundary of the domain of f =

Figure 6 (source:[1])

11



2.2 Convex functions
2.2.1 Definition of convex function

Definition 2.2.1 Let S be a convex set. A function f: S— R is convex on S if for any x, y € S and
any 0 € [0,1], there holds that

f(Ox+(1-0)y) <0 f(x) + (I- 0) f(y). (2.3)

In words, this definition indicates that if we take any two points x, y from S, then f evaluated at any
convex combination of these two points should be no larger than the same convex combination of

J(x) and f(y).

From the geometric aspect, the line segment connecting (x, f(x)) to (¥, f()) must be above the graph
of f, that can be seen in following figure.

8fix) + ¢I-8) fiv)

fiex+¢i-8) y)

x tx+il-8ivy A

Figure 7 Graph of a convex function

The line segment between any two points on the graph lies above the graph.

The function is strictly convex if the previous inequality (2.3) is strict for all x# y and 6 € (0,1).
For example, function f(x)=x? is strictly convex.

The function is concave (strictly concave) if the inequalities in the previous definition are
conversely. Namely, we put > ( >) instead of < ( <). By way of explanation, if the function -f
is convex, then f'is concave and vice versa.

If in (2.3) is equality then fis an affine function, so all affine (thus also linear) functions are both
convex and concave. On the other hand, any function that is convex or concave is affine.

12



2.2.2 Jensen’s inequality and extensions
The inequality (2.2), i.e., f (@ x + (1 — 6) y) <O f(x) + (I — 6) f{y), is called Jensen’s inequality. It
may be extended to convex combinations of more than two points:

Let’s suppose that f'is convex, xj, . . ., xk€domf,and 4, . .., 0r>0with§; + - - - + 6= 1, then
fOixi + -+ Owxr) <Oif(xr) + -+ + Ouf ().

2.2.3 Zero-order methods
Pay attention that a function is convex if and only if it is convex when restricted to any line that
intersects its domain. Next theorem is about this statement.

Theorem 2.2.1 Let’s suppose that S is convex set. Function f'is convex on § if and only if for all
x € § and all z, the function g(z) = f(x + t z) is convex (on its domain, { | x + £z € S}).

Proof:

(=) Let’s assume that S is convex set and fis convex function on S. Then for any € € /0,1] and ¢,
t> Edomg:

g Ot+(1-0) t2) =f (x + (Ot;+(1-0) 1) z) =
=f(x+0uz+(1-0) bz +0x—-0x) =
=f(O(x+tiz) + (1- 0) (x+ t2 2)) < (This follows from assumption that f is convex)
<Of(x+tiz) + (1-0) f(x+ t2z) =
=0g(1) +(1- ) g(1)

We have g (0t;+(1- 6) t;) <0 g(t;) +(I1- 6) g(t;). By definition it follows that g is convex function
on its domain.

(«) Let’s suppose that S is convex set and g is convex function on its domaindom g= {t |x + ¢z
€S}.

Let us take x;, x» €S.

We need to show that for every 6 € /0,1]: f (0 x;+(1- 0) x2) <0 f(x1) + (I- 0) f(x2).
Since g(t) =f (x + t z) is convex for all x € S and all z, for every 6 € /0,1] we have:

g (0t1+(1-0) t2) <0 g(t1) +(1- 0) g(t2)

So, by definition of g it follows:

S+ 2 Ot (1-0) 1) O f(x+1z) + (1- 0) f (c+ 122)

Let’s take x = x;, z = x2- x1, t1 = 0, t> =1 and put these values in the previous inequality:

S+ (xa-x1) (1- 0)) < 0 fix1) + (1- 0) f (xi+x2-x1)

13



So, we have f'(0 x;+(1- 6) x2) <0 f(x1) + (I- 6) f(x2). By definition it follows that f'is convex on S.
n

This property is very useful, because it allows us to verify whether a function is convex by
restricting it to a line.

(83

f(x1.x7) f(w)

Figure 8 An illustration of the restriction of function f (x;, x2) to a line (source: [7])

2.2.4 First-order methods

Theorem 2.2.2 Suppose that S € R"is a convex set and f € C1(S). Then the function fis convex
on S if and only if the next holds for all x, y € S.

f0) Zfe)+V ) (x).  (2.4)

Proof: First, suppose that fis convex on S. Let us take arbitrary x, y €S and 6 €(0,1). Let’s denote
z(0) := 0 y+(I- 0) x. Because S is convex, that indicates that z(6) € S, for all 6 € [0,1].

From convexity of function f follows that
fz0) =010)+(1-0) fix).  (2.5)
When we add -f(x) to both sides of the previous inequality we get
Jz0)-1(x) <01()- 0 /(%)
Take notice that we can also interpret z(6) like z(0): = 6 (y-x) + x.

If we divide the previous inequality by 6 we obtain

+0 (y—x))—
[0 O )

If we let 6— 07 then we obtain the directional derivate on the left side, thus
Vv 1) (v-x) < fy)(x)
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Which is equivalent to (2.4).

Now, let us suppose that (2.4) holds. Taking arbitrary x, y €S, defining z(0) as above and applying
(2.4) two times we get

J0) 2 f(6)) +V Tfz(0) (v-2(0)  (2.6)

and

J6) 2 fz(6)) +V Tfz(6)) (x-z(8)). (2.7)
Pay attention that
x-z(00)=x-0Oy+(1-0)x) =x-0y +x-0x) =x-0y-x+6x=0(x-y) and
v-z(0)=y-Oy+(1-0)x)=y-Oy+x-0x)=y-0y-xt+t0x=0(xy +yx={H-x) (I-0).

If we multiply (2.7) with 1 — 6 and (2.6) with 6 we would get:
01() =0 f(z(0)) +V Tf(z(6)) 0 (v=x) (1- 6) (2.8)

and
(1-0) fx) = (1-06) fz(0) +VTf(z(0)) (1-6) 0 (x-) (2.9)
Adding (2.8) and (2.9) together, we obtain
0fv) +(1-0)f(x) 2f(z()) =f O y+(I- ) x)

This is exactly (2.5). That is inequality which holds for convex functions, so we prove that f'is
convex on set S. [ |

f(z)+ Vf(z) (y—z)

Figure 9 Illustration of inequality (2.4) (source:[1])

The inequality (2.4) highlights that local information about a convex function (such as its value
and derivative at a specific point) can be used to derive global information about the function, like
constructing a global underestimator. This is one of the key properties of convex functions. For
instance, the inequality (2.4) shows that if Vf{x) = 0, then for all y €S, f(y) >f(x). This means that
x 1s a global minimizer of the function f.
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Theorem 2.2.3 Suppose that SC R"is a convex set and /'€ C1(S). If
J) > f)+V T () (v-x) ¥x, yES, x £y (2.10)
the function f'is strictly convex on S.

Proof: Let us take arbitrary x, y € Sand 6 € (0,1). Form z(@) := 6 y+(I- 6)x. From convexity of S
follows that z(8) € S, for all © € [0,1]. Applying (2.9) two times, we get

f0) > fz(0) +V " fz(6)) (v-2(6))  (2.11) and
f) > fz(0) +V Tfz(0)) (x-2(0))  (2.12)
Take notice that
x-z(0)=x-Oy+(1-0)x) =x-(0y+x-0x) =x-0y-x+6x=6 (x-y) and
v-2z0)=y-0y+(-0)x) =y-0y +x-0x)=y-0y-x+0x=0(x-y) +yx=(x) (I-0).

If we multiply (2.12) with 1 — 8 and (2.11) with 6 we would obtain:
01) > 0/(z(0)) +VTf(z(6)) 0 (v-x) (1- ) (2.13)

and

(1-0) 1) > (1-0)fz(0) +V"f(z(0) (1-0) 0 (x-p) (2.14)
Adding (2.13) and (2.14) together, we get

0f() + (1-0)fx) > f(z(0)) =f (0 y+(I- 0) %),

so, it follows that f'is strictly convex on set S. [ |
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2.2.5 Second-order methods

Theorem 2.2.4 Suppose that SC R"is a convex set and /' € C2(S). Then, the next statements hold.

1. If v 2 f{x) > 0 (Hessian matrix is positive semi-definite) for every x € S, then f'is convex on
S.

2. If v 2 f(x) > 0 (Hessian matrix is positive-definite) for every x € S, then f'is strictly convex
on S.

3. IfSis open and f'is convex on S, then V 2 f(x) > 0 for every x € S.

Proof:

1. Assume that V 2 f(x) >0, ¥ x€S. Let’s take arbitrary x, y€S. From Taylor’s expansion
follows that there exists z&€ S such that

1
fO) =f(0)+VIf(x)(y—x) +E(y—x) TV (2) (y=x)

BecauseV 2f(z) >0, follows that f{y) >f{x)+V Tf{x)(y-x), so fis convex on S, by Theorem
2.2.2.

2. Assume that V 2 f(x) > 0,V x€S. Let’s take arbitrary x, y€S. From Taylor’s expansion
follows that there exists z&€ S such that

1
fO) = f@+VIf@ =% +50-0"V? f(2)(y-x)

BecauseV 2f(z) >0, follows that f(y) > f(x)+V Tf{(x)(y-x). Theorem 2.2.3 implies that the
function £'is strictly convex on S.

3. Assume that S'is open set and f'is convex function on S. Let’s take arbitrary x €S and arbitrary
d€R™. Because S is open, there exists > 0 such that x + Ad remains in S for every 0 </ <
h’. Further,

fx+hd)=f(x) + hv Tf(x)d + %hszV 2f(x)d + 0(| |hd||2)
Since it is assumed that f'is convex function, then from Theorem 2.2.2 follows that
fx+hd) > f(x) + hV Tf(x)d, so
L h2d7V ?fed + o|Ihd]|”) > 0

This holds for any h small enough, so if we devide the previous inequality by h? and letting
h — 0, we obtain that dTV ?f(x)d > 0 . Because the vector d was arbitrary taken, it follows
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that V %f(x) > 0. Eventually, since the point x was arbitrary taken from S, we come to the
conclusion that V f{x), VxES.

Pay attention:

e [f we assume that f'is twice continuously differentiable and dom f (set S) is convex and
open then f'is convex if and only if its Hessian is positive semidefinite, i.e. for all x € dom f,
vV 2fix)>0.

e [f we assume that f is twice continuously differentiable and dom f (set S) is convex and
open then f'is concave if and only if its Hessian is negative semidefinite, i.e. for all x € dom

iV 2fx)<0.

From the geometric aspect the condition V 2 f(x) > 0 can be interpreted as the requirement
that the graph of the function have positive (upward) curvature at x.

Theorem 2.2.5 Suppose that S is convex set and f is convex function on S. Then every local
minimizer of the function fis also the global minimizer.

Proof:

This theorem will be proved by contradiction. Assume that x* is local minimizer, but not global
minimizer of £. So, there exists y* such that f(y*) <f(x*). From convexity we have that for any 6
€(0,1) there holds following:

fex"+ 00" —x7) = /0y + (1 —60)x") <6 fiy")+(1 = 6) fix")< 0 fix") +(1-0) fix™) = fix™)

So, we can always find small enough 6, i.e., there can be always founded a point z =x*+ 8(y* —
x*) in arbitrary small vicinity of the point x* such that f'(z) < f'(x™). This is contradiction with the
assumption that x* is local minimizer. So, x* is also the global minimizer.

Definition 2.2.2 4 function f'is strongly convex with parameter M > () on a convex set S if for any
x.y €Sand any 0 € [0,1] there holds following:

J(Ox+(1-0) y) <0f(x) + (I- 0) /() -M%G(l- Ollx = ylI?

The parameter M from the previous definition is often called strong convexity parameter.

-If the function is differentiable on S then the function f'is strongly convex with parameter M > 0
on a convex set S if the following holds:
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6) 2f)+V " fx) (3-) + S 11X = YII% V x, yES.

-In case when f€ C?(S) the function is strongly convex on S with parameter M > 0 if V 2 f{x) > MI,
VxE€ESs.

*Notice that if function f'is strongly convex with parameter M > 0 on a convex set S then fis also
strictly convex on S because following holds:

S Ox+(1-0) y) <0f(x) + (1- 0) f(v) -M%9(1- Ollx = ylI?< 0.£x) + (1- ) ().

Definition 2.2.3 4 function f'is quasi-convex on a convex set S if for any x. y €S and any 6 €/0,1]
there holds following:

S (Ox+(1-0) y) =maxif(x), f()}.

*Pay attention that every convex function is also quasi-convex:

Let’s suppose that f'is convex function and f(x)>f(v), so max{f(x), f(v)} = f(x), then:

fOx+(1-0)y) <Of(x) + (I- 0) f(y) < (This inequality holds because we assumed that f'is convex)
<O f(x) + (I- 0) f(x) = (This follows from assumption that f{(x) > f{y))
=f(x) = max{f(x), f)},

this means that definition of quasi-convex function is satisfied.
On the other hand, concave function can be quasi-convex. ((for example, In(x)).

Definition 2.2.4 4 function f is quasi-concave on a convex set S if for any x. y €S and any 0 €
[0,1] there holds following:

S (Ox+(1- 6) y) = min {f{x), f(v);.
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Pay attention that a monotone function is both quasi-convex and quasi-concave.

2.2.6 Epigraph

Definition 2.2.5 The graph of a function f: R™ — Ris interpreted as
{(x, f(x)) | x €dom f},

which is a subset of R"*1,
Definition 2.2.6 The epigraph (‘Epi’ means ‘above’, thus epigraph implies ‘above the graph’.)
of a function f: R™ — R is interpreted as

epif={(x t)| x Edomf, f(x) <t},
which is a subset of R"*1.

The definition is shown in following figure.

epi f

Figure 10 Epigraph of function f'(source:[1])
Epigraph is illustrated shaded.

The lower boundary is the graph of function f.

The connection between convex sets and convex functions is via the epigraph.
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Theorem 2.2.6 A function is convex if and only if its epigraph is a convex set.
Proof:

(=) Let’s suppose that f'is convex function and (x;, #;), (x2, ¢2) belong to epi f. (of course x;, x2 €
dom f). We need to show that /(0 x; + (I — 0) x2) <0 t;+(1- 0) t2,v 0 € [0, 1], i.e. we will prove
that line segment joining (x;, #7), (x2, £2) belongs to epi f.

f@xi+(1—0)x) <0f(x1)+ (I- 0) f (x3) <(This follows from convexity of f)
<0 t1+(1- 6) t2 (This follows from definition of epi f as f{x;) <t; and f{x2) <t;)

So, we showed requested.

(«) Let’s assume that epi f'is convex. Consider (x;,f(x1)), (x2,/(x2)). Clearly, we have (x1,f(x1)),
(x2,f(x2)) € epi f. Because epi f is convex, the line segment joining (x1,f(x1)), (x2,f(x2)) belongs to
epif, i.e.

Ox1+(1—0)x2,0f(x1) +(I-0) f(x2)) Eepif.
By definition of epigraph it follows:
SOxi+(1—=0)x3) <0f(x1) + (I-0) f (x2).

So, f'is convex function. [ |

2.2.7 Examples of convex and concave functions

Powers

f{x) = x *is convex on the interval 0 <x <o whena>1ora<0. (f’(x)=a (a-1) x**> 0 fora>1
ora<0)

Logarithm
1
f(x) = log x is concave on the interval 0 <x <oo. (f"(x) = — <0).
X
Exponential functions

Function f{(x) =e** is convex on R (f”(x)=a’e™ > 0,Y a, x € R).
Norms
Iffi R — Risanorm, and 0 << 1, then

JOx+(1=0)y)<fOx)+f((1-0))) =0fx)+(1-0) 1)
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From the triangle inequality of norms follows inequality, and the equality follows from
homogeneity property of a norms.

Affine functions

ftx) =aTx + b (for any a € R*, b €R).

They are both convex and concave functions:
fOx+(1-0)y)=a?@Ox+(1-0)y)+b=0a’x+(1-0)a’y+0b+(1-0)b=
0fx)+(1-06)fy),vVOe]o,I1].

Quadratic functions

Let’s assume that f: R® — R is quadratic function given by f(x) = %x TPx+q"x+rwithP

€S™, g ER™,and r € R. Since V ?f{x) = P ¥x, fis convex if and only if P >0 (and concave if
and only if P <0).

Quadratic-over-linear function

2
The function f'(x, y) = x—, with dom = {(x, y) ER? | y > (0}, is convex because
y

2 2 2 v y T
sz“’y):_z[ y ?}=—3[ ][ ] >0.
vil-ay 22 ] yL-x]l-x

Max function

The function f(x) = max x;is convex because it satisfies following:
l
fOx+ A —-0)y)=max(6x; + (1 — 6)y;,) < fmaxx; + (1 —0)maxy; = 0 f(x) +
i l L
(1 -06)f)ve € [0,1].

22



Geometric mean

I3

n 1
The geometric mean f(x) = ( x.) 7is concave on dom f = R" ++(x£. >O). It’s Hessian matrix

V 2f (x) is given by:

9% (%) i =i . .
—=—(n-1) = for k#j, and may be interpreted as:
()xk“ n2xk2 c)xkdx nzxkxj
n l
Hxin 1 1 1
V2f(x)=——= n-diag| —,...—— |- qq”| where g.=—.
n? x12 x 2 tox,
n 1
xin Y 2 n 2
. Py Vi Vi .
vIV2(x)v=— 5 (n Z . (Z —J J < 0 for all v. This follows from the Cauchy-
n i=1 X, i=1 %;
1

Schwarz inequality (a T a) (b T b) > (a " b) 2, applied to the vectors a = 1 and bj= %,

Xi

2.2.8 Operations that preserve convexity of functions

Nonnegative scaling

Theorem 2.2.7 Assume that S'is convex set. If /- S— R is convex and « > 0 then function afis also

convex.

Proof:

Let’s suppose that 4 € [0,1] and x, y € S. Let’s define F(x):= af(x). Domain of F(x) is a.S, which is
convex, because scaling preserve convexity of sets.

F@Ox+(-0)y =af (0x+(I-0)y) <
<a[0f(x)+ (I- 0) f(y)] = (This is because of assumption that fis convex function)

=0af(x) +(I-0) afly) =
0 F() + (1- 0) F)

So, from definition it follows that /' is convex because F' (0 x +(1- 0) y) <0 F(x) + (I- 6) F(y) and

its domain is convex set. n
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Addition
Theorem 2.2.8 Let f; and /> be convex functions on convex set S. Then sum f = f; + f> is convex
function on S.

Proof:

Let’s suppose that # € [0,1] and x, y € S.

JOx+(1-0)y)=(fi +/2)0x +(I-6) y) =
~HOx A0 SO0 y) < (This follows from assumption that fyand
<6 fi(x) + (1-0) fi(y) + 0 f>(x) + (1- 6) f>(y) = /2 are convex functions)
=00+ )+ 1-0)(fi +12) ) =
=0f) + (1- 0) 1)

By definition it follows that f'is convex function on S. [

Nonnegative weighted sum
Theorem 2.2.9 Let’s suppose that S is convex set, f1, ... fm are convex functions on S and uy, ... um
> 0. Then function f'= u; f1 + ... + wm fmis convex on S.

Proof:
This will be proved by induction.

Basis of induction: For m=1 f'= u, f;1s convex function because we know that nonnegative scaling
preserve convexity.

Hypothesis of induction: Let’s assume that claim is valid for m.
Induction step: Let’s show that claim is valid for m+1.

From hypothesis we know that u; f7 + ... + um fm is convex. Since nonnegative scaling preserve
convexity Um+1 fm+11s convex. So, function f'= u; f1+ ... + tm fmt Wm+1 fm+11s convex because it
is sum of two convex functions (Addition preserve convexity).

Also, a nonnegative weighted sum of concave functions is concave. A nonnegative, nonzero
weighted sum of strictly convex (strictly concave) functions is strictly convex (strictly concave).
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Composition with an affine mapping

Theorem 2.2.10 Assume that £ R® — R, A € R and b € R". Define g: R — R by g(x) =f
(Ax + b), with dom g = {x | Ax + b € dom f}. Then if f'is convex, it follows that g is convex; if f'is
concave, it follows that g is concave.

Proof:
Let’s suppose that § € [0,1] and x, y € dom g.
Case 1: fis convex function
g0 x+(1-0) y) =f (A (0 x+(1- 0) y) +b) = (This follows by definition of g)
=f(OAx+(1-0) Ay +b+0b—-0b)=
=1(0 (Ax +b) +(1- 0) (Ay + b)) < (This follows by assumption that f is convex)
<Of(Ax +b) +(I- 0) f(Ay + b) =
=0g(x) +(1-0) g(»).
So, g(@ x+(1- 6) y) <0 g(x) + (I- ) g(v). By definition it follows that g is convex.

Case 2: fis concave function
g(Ox+(1-0) y) =f (A (0 x+(1- 0) y) +b) = (This follows by definition of g)
=f(0 Ax+(1-0) Ay +b+0b—-0b) =
=f(0 (Ax +b) +(I1- 6) (Ay + b)) < (This follows by assumption that f'is concave)
>0f(Ax +b) +(I- ) f(Ay + b) =
=0g(x) +(1-0) g(v).
So, g(0x+(1-6) y) >0 g(x) + (1I- 8) g(y). By definition it follows that g is concave. [ |

Pointwise maximum
Theorem 2.2.11 Let’s assume that f; and f> are convex functions. Then, their pointwise maximum
defined as: f(x) = max {fi(x), f>(x)} with dom /= dom f; n dom /> is also convex function.

Proof:
Let’s suppose that @ € [0,1] and x, y € dom /.
SO x+(1-6) y) = max {f(0x+(1- 6) y). fo0 x+(1-6) y)} < e iy "
<max {0.fi(x) + (I- 6) fi(y). L0 + (1- 6) fs(7)} <
<0 max {fix), L)} + (1- ) max {fi(y), f50)} =
=0ft) + (1-0)f ()
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So, we have f(0 x+(1- 0) y) <0f(x) + (I- 6) f (y). By definition, it follows that f'is convex function.
[

Similarly, if /7, f>, ... fm are convex functions, then their pointwise maximum defined as: f(x) = max
f1(x), f2(x), ... fm(x)} with dom f'=dom f; ndom f> n ... ndom f,, is also convex function.

The pointwise maximum property may be expanded to the pointwise supremum over an infinite
set of convex functions.

Composition
Here we will look into conditions on #: R¥ — R and g: R®— R that guarantee convexity or
concavity of their composition /= 4 o g: R"™ — R, defined by f{x) = h(g(x)), dom f= {x € dom g |
g(x) € dom h}.

Scalar composition

Theorem 2.2.12 Let’s suppose that #: R — R and g: R — R (case when k = 1 and n = 1). Further
assume that 4 and g are twice differentiable functions. Composition of these functions fis defined
as above. Then:

a) if & is convex and nondecreasing and g is convex, it follows that f'is convex
b) if 4 is convex and nonincreasing, and g is concave, it follows that f'is convex
¢) if & is concave and nondecreasing, and g is concave, it follows that f'is concave
d) if /& is concave and nonincreasing, and g is convex, it follows that f'is concave.
Proof:
In this case, f'is convex (concave) if and only if f{x) " >0 ( f(x) " <0) for all x € R.
The second derivative of the composition function f'is given by:
S =h"gm) g @) +h'(2gx)g"x)

a) When 4 is convex on R we know that 4"(x) >0 vx € R.

When 4 is nondecreasing we know that /4'(x) > 0 vx € R.

When g is convex on R we know that g"(x) > 0 vx € R.

So, f"(x) =h "(g(x) g " (x)° + h ' (g(x)) g "(x) >0 Vx € R. Thus, f'is convex function on R.
—~—

>0 >0 >0 >0

b) When / is convex on R we know that 4"(x) > 0 vx € R.

When £ is nonincreasing we know that 4'(x) <0 Vx € R.
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When g is concave on R we know that g"(x) <0 vx € R.

So, f"(x) =h "(g(x) g ' (x)° +h'(g(x) g "(x) >0 Vx € R. Thus, fis convex function on R.
—— ——

>0 >0 <0 <0

c) When /4 is concave on R we know that 4"(x) <0 Vx € R.
When / is nondecreasing we know that 4'(x) >0 vx € R.
When g is concave on R we know that g"(x) <0 vx € R.

So, f"(x) =h "(g(x) g " (x)° + h "(g(x)) g "(x) <0 Vx € R. Thus, f'is concave function on R.

<0 >0 >0 <0

d) When 4 is concave on R we know that 4”(x) <0 vx € R.
When /4 is nonincreasing we know that /4'(x) <0 vVx € R.
When g is convex on R we know that g"(x) >0 vx € R.

So, f"(x) =h "(g(x)) g " (x) >+ h'(g(x) g "(x) <0 Vx € R. Thus, f'is concave function on R.

A A / ,
<0 >0 <0 >0

| |

Theorem 2.2.13 Let’s suppose that #: R — R and g: R"— R (case when k = 1 and n > 1).
Composition of these functions f'is defined as before. Then:

a) if & is convex, 4~ is nondecreasing, and g is convex, it follows that f'is convex
b) if & is convex, 4" is nonincreasing, and g is concave, it follows that fis convex
c) if & is concave, h" is nondecreasing, and g is concave, it follows that f'is concave

if h is concave, /" is nonincreasing, and g is convex, it follows that f'is concave.
d)ifh , h , g ,

In this case 4" denotes the extended-value extension of the function /, which assigns the value oo
(—o0) to points not in dom /4 for 4 convex (concave).

Proof:

Let’s suppose that x, y € dom f'and 6 € [0,1]. Since, x, y € dom f'it follows that x, y € dom g and
g(x), g(v) € dom h. Since dom g is convex set by definition it follows that § x+(/- 6) y € dom g.

a) From convexity of g it follows that:

gOx+(1-0)y) <0g(x) + (1-0) g(y) (2.15)
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Because dom / is convex set, we can conclude that 6 g(x) + (1- 6) g(v) € dom h.

Since /* is nondecreasing we know that for any x;, x> € R, with x; < x>, we have A*(x;) <h*(x2).
On the other hand, this means that if x, € dom 4, then x; € dom A.

So, from this it follows that g(6 x+(1- 6) y) € dom h. Thus, 6 x+(1- 6) y € dom f. So, we have
shown that dom f'is convex set.

Now, combining (2.15) and fact that * is nondecreasing we obtain:

h(g(0x+(1-0) y)) <h (0 g(x) + (1- 0) g(v))
From convexity of i we know that / (0 g(x) + (I- 6) g(v)) <0 h(zg(x)) + (I- 0) h(zg(»)).
Thus, h(g(0 x+(1- 0) y)) <0 h(g(x)) + (1- 6) h(g(y)).

Furthermore, using definition of /' we obtain: (8 x+(1- 6) y) <6 f(x) + (1-6) f(y). So, it follows
that f'is convex function.

b) From concavity of g it follows that:
gOx+(1-0)y)20g(x) + (1-0) g(y) (2.16)
Because dom / is convex set we can conclude that 8 g(x) + (I- 6) g(v) € dom A.

Since 4 * is nonincreasing we know that for any x;, x> € R, with x; < x2, we have A*(x;) > h*(x2).
On the other hand, this means that if x; € dom 4, then x, € dom 4.

So, from this it follows that g(@ x+(I- 6) y) € dom h. Thus, 8 x+(I- ) y € dom f. So, we have
shown that dom f'is convex set.

Now, combining (2.16) and fact that #* is nonincreasing we obtain:

h(g(@x+(1-0) y) <h (0 g(x) + (1-0) ()
From convexity of 4 we know that 4 (6 g(x) + (1- 0) g(v)) <0 h(g(x)) + (1- 0) h(g(y)).
Thus, h(g(0 x+(1- 6) ) <60 h(g(x)) + (1- 6) h(g(y)).

Furthermore, using definition of /' we obtain: 1 (8 x+(I1- 6) y) <0 f(x) + (I-0) f(»). So, it follows
that f'is convex function.

c¢) From concavity of g it follows that:
gOx+(1-0)y)20g(x) + (1-0) g(y)  (2.16)
Because dom / is convex set we can conclude that 8 g(x) + (I- 6) g(y) € dom h.

Since 4 * is nondecreasing we know that for any x;, x> € R, with x; < x2, we have h*(x;) <h*(x;).
On the other hand, this means that if x; € dom 4, then x> € dom A.

So, from this it follows that g(6 x+(1- 6) y) € dom h. Thus, 0 x+(1- ) y € dom f. So, we have
shown that dom f'is convex set.
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Now, combining (2.16) and fact that 4* is nondecreasing we obtain:

h(g(0x+(1-0) y) =h (0 g(x) + (1- 0) g(v))
From concavity of & we know that /1 (0 g(x) + (1- 0) g(v)) =0 h(g(x)) + (1- 6) h(g(»)).
Thus, h(g(0 x+(1- 0) y)) 20 h(g(x)) + (I- 0) h(g(y)).

Furthermore, using definition of /' we obtain: (8 x+(1- 6) y) >0 f(x) + (1-0) f(y). So, it follows
that f'is concave function.

d) From convexity of g it follows that:
gOx+(1-0)y) <0g(x) + (1-0) g(y) (2.15)
Because dom 7 is convex set we can conclude that 8 g(x) + (I- 6) g(v) € dom A.

Since 4 * is nonincreasing we know that for any x;, x> € R, with x; < x2, we have h*(x;) > h*(x2).
On the other hand, this means that if x, € dom /4, then x; € dom 4.

So, from this it follows that g(@ x+(I- 6) y) € dom h. Thus, 8 x+(1- ) y € dom f. So, we have
shown that dom f'is convex set.

Now, combining (2.15) and fact that #* is nonincreasing we obtain:

h(g(@ x+(1-0) y) 2h (0 g(x) + (1- 0) g(y))
From concavity of & we know that 4 (0 g(x) + (I- 6) g(v)) > 6 h(g(x)) + (1- 60) h(g(y)).
Thus, h(g(0 x+(1- 6) ) >0 h(g(x)) + (1- 6) h(g(y)).

Furthermore, using definition of £ we obtain: £ (6 x+(1- 6) y) >0 f(x) + (1-0) f{»). So, it follows
that f'is concave function.

Vector composition
We now back to the case when k > 1. Let’s suppose that
ftx) = h(g(x)) = h(gi(x), ..., g(x)), with h: Rk — R and gi: R» — R.

Theorem 2.2.14 Let’s assume that #: Rk — R and gi: R — R (case when n = 1). Further assume
that 4 and g are twice differentiable functions. Composition of these functions f'is defined as above.
Then:

a) if /1 is convex, 4 is nondecreasing in each argument, and g; are convex, it follows that fis convex
b) if 4 is convex, 4 is nonincreasing in each argument, and g; are concave, it follows that fis convex

c) if & is concave, A is nondecreasing in each argument, and g; are concave, it follows that 1 is
concave.
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Proof:
In this case, f'is convex (concave) if and only if f{x) " > 0 (f{x) " < 0) for all x € dom f.

The second derivative of the composition function f'is given by:

fU(x) =g () TV 2h(g(x))g'(x) + Vh(g(x)) Tg"(x)

a) By convexity of 4, we know that its Hessian matrix is positive semidefinite at each point from
dom A, ie. V2h(x) 2 0, Vx € dom A.

Because / is nondecreasing its gradient is nonnegative at every point from its domain, i.e.
Vh(x) 20, Vx €dom A.

Also, from assumption that g; are convex it follows that g;(x) " > 0 for all x € R. So, g(x) "> 0 for
allx € R.

To conclude,

Fx) =\§'(»\f) T'Vzh(g(x))g'(x)/+ Vh(g(x))Tg"(x) >0, sofis convex Vx € dom f

Y v Y
20 =0 =0

b) By convexity of 4, we know that its Hessian matrix is positive semidefinite at each point from
dom A, i.e. V2h(x) = 0, Vx € dom A.

Because / is nonincreasing its gradient is nonpositive at every point from its domain, i.e.
Vh(x) <0, ¥x €dom h.

Also, from assumption that g; are concave it follows that g;(x) " <0 for all x € R. So, g(x) " > 0 for
allx € R.

To conclude,

[ =g (x) "'Vzh(g(X))g'(JQ + Vh(g(x))Tg"(x) >0, so0fis convex Vx € dom f

=0 =0 =0

c¢) By concavity of /2, we know that its Hessian matrix is negative semidefinite at each point from
dom 4, i.e. V2h(x) < 0, Vx € dom A.

Because / is nondecreasing its gradient is nonnegative at every point from its domain, i.e.
Vh(x) =0, ¥x €dom A.

Also, from assumption that g; are concave it follows that gi(x) " < 0 for all x € R. So, g(x) " <0 for
allx € R.

To conclude,
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f''(x) =¢g'(x) T'Vzh(g(x))g'(j) + Vh(g(x))Tg"(x) <0,so fis concave Vx € dom f
~ Y Y Y

<0 =0 <0

Theorem 2.2.15 Let’s suppose that #: Rk — R and gi: R"— R (case when n> 1). Composition of
these functions f'is defined as before. Then:

a) if & is convex, /" is nondecreasing in each argument, and g; are convex, it follows that f'is convex

b) if & is convex, 4" is nonincreasing in each argument, and g; are concave, it follows that f is
convex

c) if & is concave, #* is nondecreasing in each argument, and g; are concave, it follows that f'is
concave.

This claim may be proved similarly as Theorem 2.2.13. In order to understand the meaning of the
condition that 2* be monotonic, let’s consider the case where 4: Rk — R is convex, and h*
nondecreasing, i.e., whenever a < b, we have h*(a) <h*(b). From this it follows that if a € dom 4,
b is also in dom 4. To conclude, the domain of # must extend infinitely in the — Ri directions. We

can express this as dom 4" — [R’fF = dom 4.

Minimization

Theorem 2.2.16 Let’s suppose that f'is convex in (X, y) and S is a convex nonempty set. Then the
function

g(x) =inf f(x,y)

yeS§

is convex in x, provided g(x) > -co for every x. The domain of g is the projection of dom f'on its x-
coordinates, i.e., dom g = {x | (x, y) € dom f for some y € S}.

Proof:

This will be proved using Jensen’s inequality for x;, x> € dom g. Let 4 > 0. Then there are y;, y2 €
S such that f(x;, y) <g(x) + 1 fori=1,2. Now let 6 € [0, 1]. From convexity of set S it follows
that Oy; + (1 —0) y2€ S

g(9x1+(1—6’)x2) =inf f(Ox; + (1 -0)x,y) <

yeS
<f(Ox;+ (1-06)x2 Oy; + (I —0) yz) <(This follows by definition of infimum)
<O f(x1, y1) + (I- 0) f (x2, y2) < (This follows because f is convex function)
<O gfxs) + (1- 6) glxs) + 1
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This holds for any 4 > 0, so we get g (Ox; + (1 —0) x2) <60 g(x1) + (I- ) g(x2). By definition it
follows that g is convex function. [

Perspective of a function

Definition 2.2.7 Let’s assume that f: R* — R. The perspective of f'is the function g: R+l — R
defined by

X
glx ) =1f (),
with domain dom g = {(x, 1) | f edomf, t > 0.

Theorem 2.2.17 Let’s assume that f is convex function, then its perspective function g is also
convex.

Proof:
(x, t,5) Eepig < g (x, t) <s (Definition of epigraph)
X
s 1f( T) <'s (Definition of perspective of a function)

)

X
©f(T)SI

< (%, %) € epi f (Definition of epigraph)
So, epi g is the inverse image of epi f under the perspective mapping that takes (a, b, ¢) to (a, b)/c.
Because f'is convex function, it follows that its epigraph is convex (epi fis convex). As we know
the inverse image of convex set under the perspective mapping is also convex, so we can conclude
that epi g is convex. Since function is convex if and only if its epigraph is convex, it follows that
g is convex function.
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3 Convex optimization problems

For this chapter literature [1] is consulted.

3.1 Optimization problems

3.1.1 Fundamental terms

Let’s consider problems of the form:
minimize F( x)
s.t.fi(x) <0, i=1,...m (3.1
hj(x) =0, j=1,...q
This is problem of finding an x that minimizes objective function F(x) among all x that satisfy the
conditions fi(x) <0,i=1, ..., m,and hj(x) =0,/ =1, ..., q.

x € R is called the optimization variable and the function F: R? — R is the objective function or
cost function.

The inequalities fi(x) < 0 are inequality constraints, and the related functions f : R” — R are called
the inequality constraint functions.

The equations /4;(x) = 0 are called the equality constraints, and the related functions hj: RP— R are

the equality constraint functions.
In case when there are no constraints (i.e., m= q = 0) the problem (3.1) is said to be unconstrained.

The domain of the optimization problem (3.1), denoted as D, is defined as:
m q

D=Ndomf n M dom h,
i=0 j=1 ‘

The domain consists of points for which both the objective function and all constraint functions
are defined. A point x € D is called feasible if it satisfies all the constraints fi(x) <0,i=1, ..., m,
and (x) =0,/ =1, ..., q.

The problem (3.1) is called feasible if there is at least one feasible point; otherwise, it is considered
infeasible. The collection of all feasible points is referred to as the feasible set or constraint set.

The optimal value F* for the problem (3.1) is defined as:

F* Zinf{F(x) f (0 S0, i=1 m, h(x) =0, j=1,..., q}.

The optimal value F'* can take the extended values +co. If the problem is infeasible, the optimal
value is F'* = oo (The infimum of the empty set is o). The problem (3.1) is said to be unbounded
below if there are feasible points xx such that F(xy)——o0 as k—o0, so F* = —c0.
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3.1.2 Optimal and locally optimal points

We define x* as an optimal point or as a solution to the problem (3.1) if x* is feasible and satisfies
F(x*=F*.

The collection of all optimal points is called the optimal set, denoted by:
Xopt={xl fix) <0,i=1,..,m, hj(x) = 0,j =1, ..., q, Fx)=F*}.

In case when there exists at least one optimal point for problem (3.1), the optimal value has been
attained or achieved, meaning the problem is solvable. On the other hand, if Xop: is empty, we
conclude that the optimal value is not attained or achieved.

A feasible point x is locally optimal if there is R > 0 such that
Fx)=inf{F(z) |fi(z) <0,i=1,..,m hi(z) =0,j=1, .., q, |zx]2 <R},
or to clarify x solves the optimization problem:

minimize F( 7)

A‘.t.fl,(z) <0, i=1,...m
) (3.2)
hj(z) =0, j=1,...qg

llz— xll, <R

with variable z. In simpler terms, this means that x minimizes F over points close to it within the
feasible set. The phrase ‘globally optimal’ is sometimes used instead of ‘optimal’ to differentiate
it from ‘locally optimal’.

3.2 Convex optimization problems

3.2.1 Convex optimization problems in standard form

A convex optimization problem has the form:
minimize F( x)
s.t.f!.(x) <0, i=1,...m (3.3)

Ty _
alx=b., j=1, ...
j i J q
where F, 1, ..., fm are convex functions.

When comparing problem (3.3) to the general standard form problem in equation (3.1), the convex
problem has three extra conditions: the objective function must be convex, the inequality constraint
functions must be convex, the equality constraint functions h(x) =a}rx = b, must be affine.

The feasible set of a convex optimization problem is convex because it is the intersection of the

problem's domain D = dom F ) (ﬂz ,dom f; ), which is convex (intersection of convex sets is
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convex), with m convex sublevel sets {x| fi(x) <0} and q hyperplanes {x| aJTx=bj}. To conclude,

in a convex optimization problem, we aim to minimize a convex objective function over a convex
feasible set.

3.2.2 Abstract form convex optimization problem

Let’s consider an example with x € R? which is in the standard form (3.1):
minimize F(x) = x? + x3

st fi(x) =22 <0 (3.4)

1+x3 —

hi(x) = (x; + %) =0

This problem is not convex optimization problem in standard form because f; is not convex
function and 4; is not affine. However, the feasible set, defined by {xlx: <0, x1+x>=0} is convex.
Although in this problem we are minimizing a convex function F over a convex set, it does not
qualify as a convex optimization problem based on our definition.

This problem may be reformulated to obtain convex optimization problem in standard form:
minimize F( x) =xf+ x%
s f (x)=x<0 (3.5),
hl(x) =x,+ x2=0
here F and f | are convex, and | is affine.

Some authors use the term abstract convex optimization problem for the (abstract) problem of
minimizing a convex function over a convex set. Using this terminology, the problem (3.5) is an
abstract convex optimization problem.

3.2.3 Optima

Theorem 3.2.1 Any locally optimal point of convex optimization problems is also (globally)
optimal.

Proof:

Let’s suppose that x is locally optimal for a convex optimization problem, i.e., x is feasible and
F(x) = inf{F(z) | z is feasible, ||z-x|]» < R} for some R >0. (3.6)

Now assume that x is not globally optimal, i.e., there is a feasible y such that F(y)< F(x).
Obviously, ||y - x|l > R.

Let’s consider point z:
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_RrR
2||y—x||2'

z=0y+ (1-06)x, where § =
Now we have:

lzxl2 =10y + (1-6) x—x|l2=| 0y +x— O x—x||2= 0|[y-x||2=2“y"%x”2|w-x||z=§<1eand

from convexity of the feasible set, z is feasible.

From convexity of F follows: F(z) =F (@ y + (I —0) x) <(1 — 0) F(x) + 8 F(y) < F(x). This is in
contradiction with (3.6). So, there is no feasible y such that F(y)< F(x), i.e., x is globally optimal.
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4 First-Order Methods for Smooth and Non-Smooth
Convex Optimization
4.1 Smooth objectives

For this subsection the literature in [2] and [6] are consulted.

Let us consider an unconstrained optimization problem where the objective function F consists of
a differentiable convex function f, i.e.

F*=min {F(x) = f(x): x € Rp}. (4.1)

4.1.1 Gradient Method

Gradient method is the basic first-order technique for solving this problem. It is special case of
line search methods where d* = -V f{x*). This method is descent method which means: f(x*"!) <
f(x*). It utilizes the local gradient and iteratively executes the following update:

xk+I: xk - aka(xk),

where k is number of iteration and ax is an appropriate step size (or step length) that insures
convergence.

Algorithm 1 Gradient descent method
Initialization: Choose starting point x’ € dom f
Repeat:

1. d'=-Vfx")
2. Line search: Choose step size ax via exact or backtracking line search.
3. Update: x¥*"1= x* — axV f(x¥)

Until stopping criterion is satisfied

The form of stopping criterion is usually: ||V f(x*)|]2 < 5, where # is small and positive. In most
cases, this condition is checked after step 1, preferable than after the update.

An advantage of this method is that many gradient iterations may be performed for the cost of a
single iteration of more complicated methods, possibly taking a shorter time to achieve the same
level of accuracy e.

For smooth minimization faster algorithms, such as Newton-like methods, can be used. In this
context, faster means that these methods use fewer iterations than the gradient method to reach an
appropriate accuracy, ie. F(x')-F* < e. Weakness of these algorithms are: more expensive
computations, they require additional information from the function F and they do not generalize
easily to constrained and non-smooth problems.
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Note that by making simple assumptions about f; it may be analyzed how many iterations the
gradient method will need to reach e-accurate solution.

Gradient Method on convex functions with Lipschitz continuous gradient
Let’s assume that the gradient of function f'is Lipschitz continuous, which means:

Vx y€ERPI||Vfix) - VID)||2 <L||x-y||2 for some constant L.

By using the fixed step-size o= % or using a value that decreases fthe most we get:

fiok) —fx < %d%, where dy =||x"-x*||, is the distance between initial iterate x’ and optimal point
x*,
This follows from next theorem in which gradient method uses fixed step size a.

Theorem 4.1.1 Let’s assume that f'is convex function, its gradient is Lipschitz continuous and 0
<a <% . Then the Gradient method generates a sequence of points {xx}, with function values

satisfying the following inequality:
2f(x0) = *)d?

R %1 11 £ B R
Proof:
Let’s denote d =||x*-x*||.. Then:
a'i“ = |lxk+ T x* |I§ =

llx¥—aVf(xk) —x* II% = (This follows by definition of k+1-th iteration)

= di — 2a<Vf( xky dk> + a2V f (x5) ||§ < This ff)llows by next inequality which states for f'defined as
above:
5 1 ok . 2 : —
Sdp = IV = VFCe) I AN OIS =) 1w (0 - V) 12 <{VF () = VA (0 63D ¥y € R

2
= di - a(f— a) IV f(x%) ||§ (This follows because V f ( x*) =0)

Hence, d,<d,
Following inequalities states for / defined as above:
. L
0<fF(y) —f(x) ={VF(x),y—x) < ~ =15 Ve, v € R (%)
From this we have:
L

f(xk+l) —f{xk) _ <Vf(1'() ,x"""l—xk) < ?lek—xk"' l||§

FE+1) < F(xhy + {VF(xh)  xk+H - x4 %uxk—xmug =
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=f (x}) +{Vf(xh), —aVf (b )+ %Han(m 2=

=f(x% — WIVF (x5 |I§, where w=qa [1— ia} (**)
2

Let’s note: = =f(xk) —f*.

Using (*) it follows that:

Fxhy = <V (xky, xk—xi)

k
Ty
<HVF (I,

>

0

|:n
~ 9

&L
o

SV (xR 12 (45%)

7, S{VF(x%, d y<d IV (x9Nl (We proved thatd, <d )

Keeping in mind (**) and (***) the next inequalities hold:

Furthermore, we have:

So, for k£ we have:

_ ky 112 — -
TS, WIV f(x )IIZS T, - W

2

Tk

dZ

| w5 1 w
>t T T
Tewr T dy Ty T dy

1

k+ 1 0 o
1 1 w
_Z_+k—2
Te Ty dy

L
ka|1— —a

1 1 2

e Ty d?

" 2— al
(84

1 1 2

— 2> —+ 5

Te o d;

1 S 1 N ka(2— al)

T, T 2d3?



2
2d0+ ka(2— al) T,

1
—> -
ﬂk Qiroda

2
2Jr0d0

EkS
2dé+ ka(2— al) Ty

Therefore, we have showed requested inequality.

Putting the fixed step size a = % in previous inequality we obtain:

2
. 2::00.'0
7w, <
' 2d? kl 2 1L
I g
2
ZﬂOdO
ro< —
k= kﬂ'o
2
2d0+ 7
2
2:r0d0
ﬂkéz—
2d0L+ k:ro
L
2
21:0d0L
T
2d0L+ k;'ro
o
7, <2d%L

0 22+

1

42
w24k

Ty

2
ﬂks ZdOL

Putting x° and x* in (*) (This inequality is in proof of previous theorem) we will get:

F(x0) —fx =V (x*),x0=x*> < %II){* — x0n2

L
F(x9) -5 < ;leo—x* 12
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f0)-F* L
L . v S. N
xO— x* 112 2
2
[1x0— x* ||% 7
- 2 _
(20— T L
2
do 2
So, —> —
T, L
d2
0
Furthermore, 2L—+ k> 2L- —+ k=4+k
T
0
1 1
a3 T k44
2L—+ k
o
2L N
Hence, 7, < do'
+4

: . 1. . .
Therefore, in the worst case the gradient method must perform @(—)—neratlons to obtain e-accurate
&

solution.

Theorem 4.1.2 For any k£, 1 <k < nT_l, and any x’ € R" there exists a convex function f with

Lipshitz continuous gradient such that for any first-order iterative method which generates a
sequence of test points {x*} where each point x* is expressed as a linear combination of the initial

point x” and the gradients of the function f at previous points {x’x/ .. X1}, ie.
k—1

xk=x04 2 aVf(xiyWwe have:
i=0

2
3Ldy

f(xb)y —f*>—— (43)
32(k+1) 2

Gradient Method on strongly convex functions with Lipschitz continuous gradient

There are additional structures of functions useful for numerical optimization. One of them is
strong convexity (defined in Definition 2.2.2) which ensures existence of unique minimizer and
upgrades optimization efficiency. Note that even non-smooth functions can have strong convexity.
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Also, we can transform any convex problem into a strong-convex problem by adding a squared />-
regularization term. To show that this is true, let’s look at the following lemmas.

Lemma 4.1.1 Let g be a strongly convex function with parameter M > 0 on convex set S, and let f°
be a convex function on S. Then the function A(x) := f(x)+g(x) is also strongly convex function
with parameter M on S.

Proof:

We know that g is strongly convex function with parameter M > 0 on convex set S, so from
definition it follows that:

g (Ox+(1-0) y) <0gx) + (I- 0) g(v) —M%Q(]— 0)||x — y||* for any x. y € S and any 6 € [0,1].
From definition of convexity of function f'on set S we have:
f(Ox+(1-0) y) <Of(x) + (1- 6) f(v) for any x. y € S and any 6 € [0,1].
So,
h (Ox+(1- 0) y) = f (Ox+(1- 6) y) + g (Ox+(1-0) y)
=0f() + (1-0)fy) + 0 g(x) + (1-0) () -M%H(l- Ollx — ylI?

=0 h(x) + (1- 0) h(y) —M%H(]— 0)||x — y||? for any x. y € S and any 6 € [0,1].

To conclude, i (Ox+(1- 0) y) <0 h(x) + (1- 0) h(y) - M%H(]— 0)||x — y||? for any x. y € S and any
6 € [0,1]. By definition of strongly convex function, it follows that /(x) is also strongly convex
function with parameter M on S.

n
Lemma 4.1.2 Let /'be a convex function on convex set S, and let M > 0. Then function f(x) +
% |lx||3 is strongly convex function on S with parameter M > 0.
Proof:

Let g(x) :% lx |5 . The Hessian matrix of function g(x) is V 2 g(x)= ML

It holds that V 2g(x) > MI, ¥ x €S. From this we can conclude that g(x) is strongly convex function
on set S with parameter M > 0.

From previous lemma it follows that function f(x) + % [lx]I3 is strongly convex function on S with

parameter M > 0. =

So, if we for example have convex optimization problem min f(x), it may be transformed into
X

strong convex problem min { f{x) +% lxll5}.

X
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Theorem 4.1.3 Let’s assume that f'is strongly convex function, its gradient is Lipschitz continuous
and 0 < « Sﬁ. M is strong convexity parameter and L is Lipshitz constant. Then the Gradient
method generates a sequence of points {xi! such that

2aML
L+ M

k
nﬂ—x*ugsb— ]uﬂhx*ug (4.4)

Ifa= 2 then:
M+L

. L-MY .
|k < 10— ||,
L+M

Lo L(L=m\x o o
FQxb) —fr<— a0=x"1 3
2\ L+

Proof:

Let’s denote di =||x*-x*||. Then:

2 gkl )2 =
dk+l Ilx X I|2

= llxk—aVf(x*) —x" II% = (This follows by definition of k-+1-th iteration)

= d? - 2a<vf(xk)’ dk>+a2I|Vf(xk) ||§ < :"Sh;sbl;(zlllf)ws by next inequality which states for /' defined

< @32 Dk | 2 V(69 12 V) 1 2= |

= A M 2 ML 2 2| VD=V, x=y) 2

o G A e LMY EE 2 T VY T V=V | e R
M+L) * M+L ST

and Vf(x#%) =0

<{,_ 2aML g2 <
M+L) *

2aML \k
S 1,(17 d2
M+L) @

The last inequality follows from 0<f(y) —f(x) = {Vf(x),y—x) é\lx—yllg, vx,y € R» and
(4.4). [ |

2 . . .
For a = Tl GM converges linearly to a strict local minimum x*.

Theorem 4.1.4 For any x° € R” and any constants M > 0 and L > 0, such that ﬁ > 1, there exists a

smooth strongly convex function f'with Lipschitz continuous gradient such that for any first-order
iterative method which generates a sequence of test points {x*} where each point x* is expressed
as a linear combination of the initial point x’ and the gradients of the function f at previous points
{xo,xl, ...,x"_l}, 1e.

k—1
k— 0 g 1
xf=x"+ Zoai.Vj(xi)
1=
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we have:

\/T %
— -1
f(xk),f*E%Mi | x0— x H% (45)
o
M

To conclude, if the function is convex and has Lipschitz continuous gradient it is not guaranteed
that the iterates x* are going to converge, while for strongly-convex function with Lipschitz
continuous gradient we have both f(x*) and x* converge.

Comparing the rate of convergence of the Gradient Method with the lower complexity bounds
(Theorem 4.1.2 and Theorem 4.1.4), we can conclude that GM is away from being optimal for the
classes of smooth convex and strongly convex functions with Lipschitz continuous gradient. The
optimal methods for minimizing smooth convex and strongly convex functions need some global
information on the objective function.

4.1.2 Accelerated gradient method

Slovak mathematician Yurii Nesterov designed accelerated gradient method which achieves the
best possible worst-case error rate for unconstrained minimization problem. This method upgrades
upon the standard gradient descent by introducing momentum into the update process. The
momentum term helps accelerate the updates, reducing oscillations and speeding up convergence.

Optimal convergence is realized by the simple step-size ax= % and an extra-momentum step with

k . .
a parameter f§,= P This is referred as an optimal first-order method.

Algorithm 2 Nesterov’s accelerated gradient method for unconstrained minimization
Initialization: Start with initial position x’ and initial velocity v’. (x’=1")
Repeat:

Step 1: Update the parameters

xktl=pko a, Vf( vk)

Step 2: Update the velocity

N L e ﬁk(xH 'l_xk)

Until stopping criterion is satisfied

In Step 1 v/ represents the previous velocity. In this step we update the parameters applying the
gradient evaluated at the previous velocity. Step 2 updates the velocity based on the new parameter
position and the change in position from the previous iteration, scaled by the momentum term fi.
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Theorem 4.1.5 Let’s assume that f'is convex function and its gradient is Lipschitz continuous.
Then the Nesterov’s accelerated gradient method generates a sequence of points {xx!, with function
values satisfying the following inequality:

2
8Ld g

——————, kz0and dp =||x’-x*|>. (4.6)
3(k+1)2

fxh —f* <

Therefore, in the worst case the Nesterov’s accelerated gradient method must perform @( ! )-
£

iterations to obtain e-accurate solution.

Also, the accelerated-gradient method can have utility from strong-convexity with a suitable
choice of the momentum term f,. For instance, this method obtains a near-optimal convergence

. . . . L-M
rate given its assumptions by setting § = i

By using Nesterov’s smoothing technique, the fast gradient algorithms may be also applied to non-
smooth minimization optimization problems.

Furthermore, preferably than assuming Lipschitz continuity of the gradient of the objective
function, recent work has considered effective gradient methods for smooth self-concordant
functions, which naturally appear in graph learning, Poisson imaging, and numerous tomography
problems. [8]

4.2 Composite objectives

For this subsection references [5] and [6] are used.

Let us consider an unconstrained optimization problem where the objective function F consists of
a differentiable convex function f and a non-smooth convex function g, i.e.

F*=min {F(x) = fx) +g(x): x € RP}. (4.7)

In sum, the non-differentiability of g seems to reduce the productivity of first order methods.
Generic non-smooth optimization methods, such as bundle methods and subgradient require

1. . : . 1
@(—9) iterations to reach g-accurate solutions. Although the rate can be improved to ©| — | under
et £

the assumption of strong convexity, the resulting convergence rates are still slower compared to

those achieved by first-order methods when the objective function is smooth.

Fortunately, proximal-gradient methods offer a more suitable approach for this class of problems.
These methods preserve the convergence rates of gradient methods applied to smooth problem
classes. In fact, proximal gradient methods can be seen as natural extensions of the gradient method
when we view the gradient method’s iterations as an optimization problem:
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., 1
xkFI=argmin f (x*) + Vf(x8) T(y—xf) + — |l y— x| 33,
yERY 2a,

This represents finding the point x**/ that minimizes a quadratic approximation of f around x*
moving in the direction of — I#(x*) scaled by «a .- Proximal-gradient methods use the same
approximation of f, but insert the non-smooth term g in an explicit mode:

. 1
xbHl=argminif (x%) + Vf (x)) T(y—2b) + — Il y=x*] 3+ g(¥)
yER? 2a,

Algorithm 3 Proximal gradient descent method
Initialization: Choose starting point x’ € dom F
Repeat:

Update: x**1= pmxakg( xk — a,Vf( xk) )

Until stopping criterion is satisfied

The proximal map or proximal operator is defined as:
1
prox () =aremin{(0) + Il x=v1 3}
The proximal operator of the scaled function axg (where o > 0 is step size) can be expressed as:

1
prox _ (¥) =ar3min[g(X) +—lx=xll é]
K8 . 2a,

Theorem 4.2.1 Let’s assume that /' is convex differentiable function, its gradient is Lipschitz
continuous, a < % , 2 1s convex non-smooth function. Then the Proximal gradient method with fixed
step size generates a sequence of points /x*}, with function values satisfying the following
inequality:

d2

F(x% - F* < —2 k>0and do =||x"-x*||>. (4.8)

2ak

Therefore, in the worst case the proximal gradient method must perform @(%)—iterations to obtain

e-accurate solution.
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The accelerated proximal-gradient method is defined as following:

Algorithm 4 Accelerated proximal-gradient method for unconstrained minimization
Initialization: Start with initial position x” and initial velocity v’. (x"=17)
Repeat:

Step 1: Update the parameters

k+1_ k_ k
X —proxakg( v aka( vE) )

Step 2: Update the velocity

pht =kt 1y ﬁk(xk+ l_xk)

Until stopping criterion is satisfied

Theorem 4.2.2 Let’s assume that f is convex differentiable function, its gradient is Lipschitz
continuous, a S% , g 1s convex non-smooth function. Then the Accelerated proximal gradient
method generates a sequence of points {xi!, with function values satisfying the following
inequality:

2d?
F(xhy —F* < —0, k>0 and dy =|[x"-x*||2. (4.9)
alk+1)2

Therefore, in the worst case the Accelerated proximal gradient method must perform @(%)-
&

iterations to obtain e-accurate solution.

It’s interesting to mention the special case of the proximal-gradient algorithm when we consider
the indicator function on a convex set S, which is way of including constraints into (4.7)

0 xe8
g(x)={
o0 XES

In this case, the proximal-gradient method incomes the classic projected-gradient method for
constrained optimization.

When f = 0 proximal-gradient method reduces to proximal minimization, and when g = 0, it
becomes the standard gradient descent method.

In general, when the proximal operator can be computed efficiently, proximal gradient algorithms
tend to be computationally efficient as well. Interestingly, even sets with an infinite number of
atoms can admit efficient proximal mappings. A notable example is the set of rank-one matrices
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with unit Frobenius norm, for which the proximal operator is given by singular value thresholding.
In contrast, certain sets with a finite number of atoms-such as the set of rank-one matrices with
binary entries-may lead to intractable proximal operators.

In following table is total number of iterations required for the model to reach an error level of e.
Here, L and M are Lipschitz and strong convexity constants respectively and &, = Ilx®~ x* I,

Algorithm Convex Strongly-Convex

(Proximal) Gradient Ld? d?
0 L 0
O O] —log| —

€ M £

Accelerated (Proximal) Gradient Ld? I dg
o o Ol | — log| —
e M €

Table 1(source:[6])

Recent research has introduced various strategies for step-size selection and adaptive restarting of
the momentum parameter in first-order optimization methods. [13] These approaches typically
incur only a modest additional computational cost and crucially do not rely on prior knowledge of
problem-specific constants such as the strong convexity parameter M or the Lipschitz constant L.
Although such heuristic enhancements do not lead to provable improvements in the worst-case
theoretical convergence rates, they have demonstrated significant gains in empirical performance.
These techniques can also be naturally extended to proximal variants of first-order methods. An
illustration of the improved practical performance enabled by these enhancements is presented in
the following figure.

v T T T T T
—q— Gradient descant, fixed stepsize
= =¥- - Gradient descent, theoretical bound
~{J— Gradien descent, adaplive stepsize
Accalerated gradient, fised stepsize
- = Accelerated gradient, thearstical bound

Accelerated gradient, adaptive slepsize and restar |

.....

Fla¥)— F*

] 100 200 300 400 500 800 YO0 800 8900 1000 ] 100 200 300 400 500 800 TOD  add 200 1000
Iterations Iterations

Figure 11(source:[6])

Here is demonstrated how the objective function F(x*) progress as a function of iterations k for
solving (Right) the LASSO formulation:

1
X =argmin{F(x):=—||y—r/)x||§+/1||x|| 1}
LASSO e mr 2
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and (Left) the LS formulation:

A . 1

X =argmm{F( X):i=—|v—¢x| 2 },
LS xemrr 2 :

both with p = 5000 (number of features or columns in data matrix) and n = 2500 (number of data

points or rows in data matrix) for four methods:

1) (proximal) gradient descent with adaptive step-size,

1
2) (proximal) gradient descent with fixed step-size a = R

3) accelerated (proximal) gradient descent with fixed step-size and

4) accelerated (proximal) gradient descent with the adaptive step-size and restart scheme in
TFOCS (Templates for First-Order Conic Solvers — a software package for solving convex
optimization problems using first-order methods, especially focusing on problems that involve
conic constraints).

For the least-squares (LS) formulation, the baseline optimization methods exhibit qualitative
behavior that aligns well with their theoretical upper-bound predictions. However, when practical
enhancements are incorporated these methods show markedly improved performance.

In the LASSO formulation (proximal) gradient descent outperforms the basic accelerated
(proximal) method in high-accuracy regime, further it automatically benefits from sparsity of the
solution. Accelerated (proximal) method also benefits from sparsity by adding the adaptive restart
enhancement.

The figure below illustrates a crucial insight: the numerical efficiency of first-order methods in
composite minimization problems heavily depends on selecting an appropriate smoothness
structure for the smooth component f. This is demonstrated through a convergence plot using the
heteroskedastic LASSO (hLASSO) model, as described in [8], for the case where n =1.5x 10*
and p = 5x 10%. The hLASSO objective includes a smooth part f'that is self-concordant but does
not possess a Lipschitz continuous gradient. Despite this, it enables recovery of sparse solutions
while simultaneously estimating the unknown noise variance ¢ in the underlying linear model.

When a basic first-order method is tailored to the correct self-concordant structure of f, it is able
to determine optimal step sizes automatically. As a result, it outperforms standard first-order
methods that rely on the assumption of a Lipschitz continuous gradient—even when such methods
are enhanced with adaptive step-size or restart techniques. Interestingly, the standard gradient
descent method converges more quickly than the accelerated variant, as the latter depends heavily
on Lipschitz continuity for its momentum updates, which in this case lead to inefficient and costly
step-size adaptation.
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Figure 12

4.3 Proximal objectives

For this subsection references [3] and [6] are used.

The first-order methods we have discussed heretofore are not directly applicable for many

applications. For this problem it turned out to be useful to reformulate the composite form into
the following form:

min {F(x,z) = h(x) +g(2) pz=x}, (4.10)

x,ze RP

and only suppose that proximity operators of 4 and g are both efficient.

This form can deal with non-smooth and non-Lipschitz objective functions which usually occur
in many applications such as graph learning, Poisson imaging, and robust principal component
analysis (RPCA). For its solutions it is used ADMM algorithm — alternating direction method of
multipliers, which uses powerful augmented Lagrangian and dual decomposition techniques.
ADMM is structured as a decomposition-coordination method, where solutions to smaller local

subproblems are integrated to obtain a solution for a larger global problem. This algorithm is a
simple but powerful. It is suitable to distributed convex optimization.

First of all, augmented Lagrangian function for (4.10) problem is:

L (%,2.9) =h(x) +g(2) +yT(x= gz) + %le— P2,
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where y is the dual variable or Lagrange multiplier and p is positive scalar known as the penalty
parameter.

ADMM consists of iterations:

Step 1: x**!=argmin L. (x,ck.y¥) =argmin(h(x) + (0 T(x = k) + %le— ¢:*II§] (x-minimization step)

X X

Step 2: =5+ =argmin L (x**1,z,y¥) =argmm(g(z) + (8 Tk e - g2) + zllxk“— ¢z|§) (z-minimization step)

Step 3: yk+ I=yky p((xk+1- prk+1) (dual variable update)

The algorithm is very close to dual ascent and the method of multipliers: it consists of an x-
minimization step, a z-minimization step and a dual variable update. Similar to the method of
multipliers, the update for the dual variable involves using a step size that matches the augmented
Lagrangian parameter, p.

Let’s see form of method of multipliers for (4.10):

Step 1: (x“ L gkt 1) =argmian( x,2, 75
X, Z
Step 2: yk+ 1=yk+p(xk"' L gzt 1)
In this context the augmented Lagrangian is minimized jointly with respect to the both primal

variables.

In contrast, ADMM updates the variables x and z in an alternating or sequential manner, which is
the reason for the term "alternating direction". In ADMM, the algorithm state is defined by z* and
y*. This means that (z**/, y#*7) is a function of (z, y¥). The variable x* is not included in the state;
instead, it is an intermediate result derived from the previous state (zX/, y¥7).

Often is more suitably to write ADMM in a little bit different form, by combining the linear and
quadratic terms in the augmented Lagrangian and scaling the dual variable.

Defining the residual r as x — ¢z, we have:
2 | 1
T 2 — W12 2_
yir + —llrllz = —llr+ —ylle— —Ilyll==
2 2 p- 2 2p 72

RS |

lr+ uli2= L2,
“ 2 F4

1 . .
where u=—y is scaled dual variable.
P

So, scaled form of ADMM follows.
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Algorithm 3 Scaled ADMM; p > 0, x" = u” =0

Step 1: x“‘]:argmm(h(x) + %le— dzk+ ukllé)zpmx | (gpzh—uk)
K —h
p

Step 2: z++!1 —argmin(g( 2+ %lekJr '— ¢z + ukllg)

z

Step 3: Mk+l:.uk+ xk+ 1_ ¢Zk+]

The scaled and unscaled form are clearly equivalent, but the formulas in the scaled form of
ADMM are often shorter. The unscaled form is used when we wish to stress the role of the dual
variable or to give an interpretation that relies on the (unscaled) dual variable.

This algorithm needs a penalty parameter p as input, generates a sequence of iterates that approach
feasibility and produces the optimal objective value in the limit.

It’s important to point out two warnings for ADMM.

First, step 2 in Algorithm 3 has to be numerically solved in general except in case when ¢7¢ is
effectively diagonalizable. For this problem, z¥*! can be updated by using a single step of the
proximal gradient method, which brings to the method shown in Algorithm 4.

Secondly, if we naively extend ADMM to handle more than two objective terms we might not be
able to guarantee convergence. For this problem, dual decomposition techniques can be used to
treat the multiple terms in the objective of (4.10) as individual problems and simultaneously solve
them in parallel. This will be discussed in Section 6.

It’s interesting to mention the case when /(x) has a difficult proximal operator in Algorithm 3 but
also has a Lipschitz continuous gradient. For that matter /4(x) in Step 1 may be replaced with its
quadratic surrogate to obtain the linearized ADMM. Amazingly, these inexact update-steps can be
as fast to converge as the full ADMM in specified applications.

Algorithm 4 Primal-Dual Hybrid Gradient method to solve (4.10) A>0 and t < e
[

Step 1: x¥* 1=prox , ( pz*— u*)
Step 2: zk+1 = pmxhg( tha o T xk+ 1= gz uk))

Step 3: uk+ ! =uk4 xk+ 1= prk+!
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S Big Data scaling via randomization

For this section literature [6] is used.

In theory, first-order methods can effectively tackle very large-scale problems. However, as the
dimensions of the problem increase, these straightforward methods can become impractical due to
the precise numerical calculations required during their iterations. Fortunately, first-order methods
are quite resilient when it comes to using approximations for their optimization components, such
as gradients and proximal calculations. This chapter will introduce new randomized
approximations that enable first-order methods to remain efficient even for very large-scale
problems, despite relying on inexact computations.

To illustrate the key concepts, we will focus specifically on smooth and strongly convex functions
F, while also noting potential extensions.

For example, consider Google’s PageRank problem, which assesses the importance of nodes in a
graph based on its incidence matrix, where p may reach tens of billions. Assuming that more
important nodes have more connections, the task essentially involves identifying the top singular
vector of the stochastic matrix ¢=Adiag(AT1 p) -1 where 1p € R? is the vector where every

element is 1. The PageRank algorithm employs the power method to address this fundamental
linear algebra issue (find x* > 0 such that ¢x* = x* and lgx* =1). This goal can be effectively

approximated using a least squares problem by relaxing the constraints with a penalty parameter A
>0:

. 1 A 5
min {F( x) = Ellx—(f)xllg + E( lgx— 1) 7] (5.1)

x€RP

5.1 Coordinate descent methods

For the PageRank problem formulation computing the full gradient demands a matrix-vector
operation at each iteration. A low-cost vector-only operation would be to select a coordinate k of
vector x and only transform the variable xi to upgrade the objective function (other variables
remain fixed). This is essence of coordinate descent methods. The advantage of these methods is
that each iteration is simple, in generating the search direction and in performing the update of
variables.

The general form of coordinate descent methods follows in Algorithm 5, where ¢; is the i
canonical coordinate vector (vector in which only one element on coordinate i is non-zero and
equals one, while all other elements are zero) and V F( -) is the i™ coordinate of the gradient.
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Algorithm 5 Coordinate descent method to
minimize F over RP

Step 1: Choose an index i, € {1,2, ...,p}

Step 2: Update x*+ 1= xk —aV . F(x¥) e,
Ik lk

Example:

To demonstrate the fundamental concept of the Coordinate Descent method, consider a simple
quadratic function of two variables: F(x,y)=(x—2)*+(y+3)®. This function is convex and
continuously differentiable, with a unique global minimum at the point (x*, y*) = (2, —=3). The
objective is to minimize F (x, y). So,

Step 1: Choose an index (For example i, =1 for x and i, =2 for y)

Step 2: Update x¥*+ 1= xk —aV . F(x¥)e. , where:
lk lf(

-X“ = (x,, Y, )is the current point at iteration k

Here we will use a=0.1 for simplicity.

Gradient of function is: VF(X, y) =[2(x—2),2(y +3)]

Iteration 0: Let’s for example Xx° = (0,0).

Iteration 1: Step 1: Choose an index i,= 1
: . oF

Calculate partial gradient: x =2(x-2)=2(0-2)=-4
X

Step 2: Update: x*' = x° —aV,F(x°)e,=(0,0)-0.1-(-4) - (,0) = (0.4,0)

Iteration 2: Step 1: Choose an index i, =2
. . oF

Calculate partial gradient: v =2(y+3)=2(0+3)=6
y

Step 2: Update: X* = X' —aV,F (x")e,=(0.4,0)—0.1-6- (1,0) = (0.4,~0.6)

Iteration 3: Step 1: Choose an index i,= 1
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Calculate partial gradient: 66_F =2(x-2)=2(04-2)=-3.2
X

Step 2: Update: x°* = x* —aV,F(x*)e,=(0.4,-0.6) -0.1-(-3.2) - (1,0) = (0.72,-0.6)

Iteration 4: Step 1: Choose an index i,=2
: : oF

Calculate partial gradient: v =2(y+3)=2(-0.6+3)=4.8
y

Step 2: Update: x* = x* —aV,F(x*)e,=(0.72,-0.6) —0.1-4.8-(1,0) = (0.72,-1.08)

It should be noted that the iterative process does not terminate here. We can see that the algorithm
steadily and gradually converges to the minimum point (2, —3).

In this example, the coordinates were chosen alternately, which is one possible selection
strategy(cyclic). There are several approaches to coordinate selection in the coordinate descent
method, which will be discussed in more detail below.

One strategy is to select the coordinate with the largest directional derivative V _F. Then coordinate
descent method has form:

Choose x” € Rr. For k> 0 iterate:

Step 1: Choose an index i, =arg max IV F( xky1
1<igp

Step 2: Update x*+ = x* —aV  F(x¥) e,
k k

If we use @ = or optimizing the variable exactly, this choice brings to a convergence rate of

max

H

F(xh) —F(X*)S(l— )k(F(xO)—F(x*)), (5.2)

p max

where L = max L _is the maximum across the Lipschitz constants of V F.

In this example we can see the primary difficulty in coordinate descent methods. For finding the
best coordinate to update, in this case finding the maximum of the gradient element’s greatness,
we have to calculate the whole gradient vector. Thus, a computational cost is as high as the
gradient calculation cost. It may be proved that convergence rate of this method is worse than the
rate of convergence of the gradient method.

The simplest form of the coordinate descent method is based on a cyclic coordinate search. This
is the cheapest strategy but convergence rate is a really slower.
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Randomization of the coordinate selection is a commonly used strategy in coordinate descent
methods, where the coordinate i is chosen uniformly at random from the set {1, 2, ..., p}. One of
the key advantages of this approach is that the cost of selecting a coordinate can be made
independent of the problem dimension p. More precisely, the selection can be performed in
constant time @ (1) using a direct call to a pseudorandom number generator, without the need to
explicitly scan or process all coordinates.

Despite its simplicity and low per-iteration cost, this uniformly random selection achieves the same
expected convergence rate as the one described in equation (5.2). This property makes randomized
coordinate descent methods particularly efficient and scalable for high-dimensional optimization
problems, such as those encountered in large-scale machine learning and data analysis tasks.

The convergence rate of the randomized coordinate descent method can be improved to (5.3) by
applying an importance sampling strategy. Instead of selecting coordinates uniformly at random,
coordinates are chosen with probabilities proportional to their "importance" — that is, to how
much they influence the value of the objective function. In this context, importance is measured
by the Lipschitz constants of the gradient with respect to each coordinate (L ).

H

medan

F(xk)—F(x*)g[l— )k(F(xO)—F(x*)), (5.3)

(L is the mean across the L )

mean

The speed is upgraded by this non-uniform random sampling strategy, appending an @( log( p) )
importance sampling cost to the algorithm.

It’s important to highlight that coordinate descent methods are possibly most useful for objectives
of the form F( Ax) with A € R"*#, where evaluating the (not necessarily smooth) F costs @( n) .

Eventually, there are recently researches about accelerated and composite versions of coordinate
descent methods. It’s important to mention that accelerated methods often do not preserve the low-
cost iteration expense of the non-accelerated versions.

5.2 Stochastic gradient methods

Stochastic gradient methods update all coordinates at the same time and use approximate
gradients. These methods are commonly employed to optimize the sample average of a finite
training dataset. The concept behind these methods is fairly straightforward.

Beginning from the problem of minimizing decomposable objective function:

min {F(x) =%Z Fi(x)} (5.4)

xe R? i=1
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and supposing each component function F; is differentiable and measures the data misfit for a
single data point, the method randomly selects an index j and makes a step in the direction of the
negative gradient of F;.

Algorithm 6 Stochastic gradient descent method to minimize F over RP

Step 1: Choose an index i, € {1,2, ...,n} uniformly at random (Bach index has an equal
probability of being chosen)

Step 2: Update x** = xk —a VF, (x¥)
k

Example:

To illustrate the fundamental concept of the Stochastic Gradient Descent (SGD) method, consider
the following example.

Problem: Binary classification

1
Model: Use Sigmoid function Y; = 1—Tx =o(W'x)=0(z)
+ 1

-w

Error function for one data point:

F.(w) = -y, log(y,) - (1 y;) log(1 y;)

This is the log-loss (or binary cross-
entropy) function — the standard error
function for binary -classification with
sigmoid output.

o . . 13
Objective: Minimize average error across all data points F(w) == Z F (w)
i=1

One training point: - Input vector X, = (X, X;,)

- Label y, € {0,1}

(determines how important each input feature (coordinate) is to

- w is weight vector
the output of the model)

Gradient of function F(w)by w:V F (W)= aFAi %o where z, =w'x. and Y, =0 (z,)
oy, :
aY; yi 1=y
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oy, Oo(z) 1(1+e™)-11+e")" e~

oz oz, (L+e7%)2 C(L+eh)?
1
We know that: o(z,) = — 50, 1-0(z) = —.
1+e™" 1+e™™
Thus, 0(z)- (- 0(2)) = —
S Y Ave )
a . N N
So, D Vi @=V;)-
0z,
0z,
7 — Xi
oW

. 1_ : N N N
Thus, ¥, (W) = (-2 +=25) - (L- ) % = (% - ¥) %,
yi 1=y

Example of iterations:

Let’s assume:
W’ =[0,0]

- Learning rate = 0.1

-Training set (n = 3):

Ik X, Yi,
1 [1.0] 0
2 [0,1] I
3 [1.1] 1

Iteration 1: Step 1: Choose a random data, for example: i; = 3:
X3: [171]5 y3: 1
Calculate: z; = w' X =0-1+0-1=0

1

l+e® 0>

;lil = O-(Zil) =
Gradient: V,F, (W) = ()A/il— y,)-%, =(05-1)-[11]=[-0.5,-0.5]
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Step 2: Update: W' =W’ —ONWFi1 (w) = [0, O] -0.1. [—0.5, —0.5] = [0.05, 0.05]
Iteration 2: Step 1: Choose a random data, for example: i>= 1:

X1: [170]7 y1: 0
Calculate: z, = w" x,_ = 0.05-1+0.05-0=0.05

" 1

Gradient: V,F, (W) = (¥, — ¥, ) %, =(0.5125-0)-[1,0]=[0.5125,0]
Step 2: Update: W =w'—aV,F, (w)=[0.05,0.05]-0.1-[0.5125,0] =[-0.00125,0.05]

Iteration 3: Step 1: Choose a random data, for example: i3= 2:

X2: [0:1]7 y2: 1
Calculate: z, = w?' x, = —0.00125-0+0.05-1=0.05

" 1

Gradient: V,,F, (W) =(y; -V, )-X, =(0.5125-1)-[0,1] =[0,-0.4875]
Step 2: Update: w? =w? -av,F, (w) = [—0.00125, 0.05]—0.1-[0, —0.4875] = [—0.00125, 0.09875]

Iteration 4: Step 1: Choose a random data, for example: i,= 1:

X1: [1,0]: y1: O
Calculate: z, = W3TxiA= —0.00125-1+0.09875-0=-0.00125

" 1
Y, =0 (-0.00125) = — 5z ~ 0.4996875
Gradient: V, F (W) =(y; —¥; )- X%, =(0.4996875-0)- [1,0]=[0.4996875,0]

Step 2: Update:
wW=w-aV, F (W)= [-0.00125,0.09875]-0.1-[0.4996875,0] =[-0.05121875,0.09875]

Iteration 5: Step 1: Choose a random data, for example: is= 2:

X2: [Oal]a y2: O
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Calculate: z, = w x, = —0.05121875-0+0.09875-1=0.09875

y. = o(0.09875) = — + ___~0.5247
5 1+

-0.09875
€

Gradient: V,F (W) =(y, -V, )% =(0.5247-1)- [0,1] = [0, —0.4753]
Step 2: Update:
wW=w'-aV, F (W)= [-0.05121875,0.09875] - 0.1:[0,~0.4753] = [-0.05121875,0.14628]

It should be noted that the iterative process does not terminate here. The purpose of this example
is merely to demonstrate how the algorithm operates over a few iterations.

In a manner similar to coordinate descent methods, the design problem in Stochastic Gradient
Methods (SGM) involves choosing one data point i at each iteration. Also, better convergence rates
are achieved by selecting i uniformly at random instead of cycling through the data. The cost per
iteration is influenced solely by the number of parameters p rather than the number of data points
n.

It is important to note that selecting a data point randomly leads to an unbiased estimate of the
gradient, when equation (5.4) is interpreted as an empirical approximation of an expected risk
function that drives the optimization process:

min §F(x) = EJF.(x) (5.5

o =B
Here, the expectation is taken with respect to the sampling distribution of the indices é.
Stochastic gradient methods can directly optimize the expected risk minimization problem,

especially in cases where we are able to sample from the true underlying data distribution. This
provides the foundation for their well-established generalization capabilities in machine learning.

Importantly, this concept of unbiased gradient estimation allows stochastic gradient descent to
be effective not only for decomposable objectives such as (5.4), but also for more general convex
optimization problems.

The standard Stochastic Gradient (SG) method typically employs a decreasing sequence of step
sizes {ox}. This approach leads to convergence rates of o{ 1/.) or o 1/\/:) which are

comparable to those of the subgradient method and can be relatively slow.

However, when a constant step size is used in each iteration, the stochastic gradient method is
capable of rapidly reducing the initial error.
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Historically, tuning stochastic gradient descent methods has been quite challenging. However,
recent findings indicate that employing large step sizes along with weighted averaging of the
iterates can lead to optimal convergence rates while remaining resilient to variations in step size
and modeling assumptions. For instance, recent research has demonstrated that an averaged
stochastic gradient iteration with a constant step size can achieve an @( 1 / E) convergence rate, even
in the absence of strong convexity, provided certain joint self-concordance-like and Lipschitz
gradient conditions are met. Additionally, there have been noteworthy advancements in stochastic
algorithms that attain linear convergence rates for strongly convex problems, in case when the
dataset is finite.

5.3 Randomized linear algebra

For this subsection reference [14] is consulted.

Randomized linear algebra encompasses a set of techniques that leverage randomness to simplify
and accelerate linear algebra computations. In large-scale data problems, fundamental linear
algebra operations such as matrix decompositions (e.g., eigenvalue decomposition, singular value
decomposition, and Cholesky decomposition) and matrix-matrix multiplications often become
significant computational bottlenecks due to their superlinear complexity growth with respect to
matrix dimensions. However, when the corresponding matrix objects possess low-rank structures
(For example matrix M € RP*P has low-rank form if exists » < p such that M ~UV " where U €
RP*" V€ RP*"), the efficiency of these methods improves consistently. By exploiting these low-
rank structures, randomized methods can provide fast approximations while substantially reducing
computational costs, making them highly valuable for processing large datasets.

Randomized linear algebra methods focus on approximating a matrix M ~Q(Q"M) with O €
RP*"_ Alternatively, these methods can construct a low-rank representation by selecting subsets of
columns or rows, which enhances computational efficiency. Employing a randomized approach
allows for better control over error distribution. This concept is applicable to matrices of any size
and takes advantage of well-established computational routines available in most programming
languages.

We present three key effects of incorporating randomized linear algebra routines into optimization
processes.

1) The first impact is the ability to speed up the computation of proximity operators for

functions that rely on the spectral values of a matrix.

2) Secondly, this approach is effective for obtaining unbiased gradient estimates for matrix
objects when randomization is applied appropriately. As a result, it is relevant to all
stochastic gradient algorithms.
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3) Finally, the randomized approach can be employed to sketch objective functions, allowing
for their approximation. This leads to significantly cheaper iterations with exact first-order
methods while still maintaining accuracy guarantees for the actual objective.

Algorithm 7 Randomized low-rank approximation
Require: M € RP*P integer r

1: Draw 4 € RP*" iid 4°( 0, 1)

2: Form the pxr matrix B=MA

3: Construct an pxr matrix Q whose columns form an orthonormal basis for the range of B
(e.g. using the QR factorization QR =B )
4:C=M'Q

N

. _ T
5:return M, =QC

Algorithm 7 outlines a method for obtaining a low-rank approximation of a matrix M € RP*? using

n

randomized techniques. The goal is to approximate M with a matrix M, ofrank r. Here's a step-

by-step breakdown of the algorithm:
Input Requirements:
-The input matrix M € RP*P (which we want to approximate)

-An integer r specifying the desired rank for the approximation. (i.e., what rank do we want the
new, approximated matrix to have).

Step 1: Random Sampling:

A random matrix 4 € RP*" is generated. The entries of matrix are independent and identically
distributed (iid) from a standard normal distribution .#°( 0, 1)

Step 2: Matrix Multiplication:
Compute B =MA.

A projection of the matrix M is made onto the random subspace defined by the columns of the
matrix A.

The matrix B serves to approximate the action of the original matrix M in a lower-dimensional
subspace, preserving its most significant components.

Step 3: QR Decomposition:
Perform a QR decomposition on B to obtain Qand R (with QR=B).
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Here we make a matrix Q which has orthogonal columns (columns which are normalized and

mutually orthogonal) and every vector from the range of B may be represented as a linear
combination of the columns of Q.

R is uppertriangular matrix.

Step 4: Matrix Multiplication:
Compute C=M'Q.
This gives a kind of matrix projection M to the space defined by the matrix Q.

Step S: Construct the Low-Rank Approximation:

Return M, =QC" = Q(Q"M)

This matrix M, is the rank-r approximation of M . It retains the most significant components of

M while discarding the less significant ones.

6 The role of parallel and distributed computation

For this section literature [6] is used.

To meet the huge computational and storage needs of Big Data without high power costs, we need
to increasingly lean on parallel and distributed computing.

Although first-order methods are well-suited for achieving significant performance speed-ups, two
challenges arise when using distributed and heterogeneous hardware:

1) Communication:

Inefficient or unreliable communication between computers and within the local memory
hierarchy can greatly hinder the numerical efficiency of first-order methods. There are two
main strategies to tackle these issues. The first involves designing algorithms that reduce
the need for communication. The second approach eliminates the need for a master vector
x*, allowing each machine to operate with its own local copy, which converges to a
consensus solution x .

2) Synchronization:

To effectively execute computations in a distributed manner, first-order methods need to
synchronize the activities of various computers that rely on the same vector x* during each
iteration. However, this coordination can become inefficient, especially when one machine
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takes significantly longer than the others. To address this fundamental synchronization
challenge, asynchronous algorithms permit updates to occur using outdated versions of
their parameters.

In the continuation will be outlined several important advancements related to first-order
methods in this context.

6.1 Embarrassingly parallel first-order methods

First-order methods can greatly enhance their performance through the use of parallel computing.
Such systems typically consist of uniform processing nodes located in close proximity to one
another, ensuring reliable communication between them. The term embarrassingly parallel
describes an optimal situation for parallelization, in which a task can be divided into independent
calculations that can be executed simultaneously in a consistent manner.

An important example of an embarrassingly parallel computation is the calculation of the gradient
vector, particularly when the objective function naturally decomposes into independent
components, as illustrated in equation (5.4).

In this case, the gradient computation can be distributed across multiple machines. Specifically,
we can process each F; with one of m computers, where i indexes the individual functions or data
points. Each machine handles only a subset of the data, with @(n/m) computations required locally,
where 7 is the total number of data points. Since each function F; corresponds to a particular data
point, each machine stores its assigned data locally-specifically, the subset of with @(n/m) data
samples that are relevant to the functions it is processing. This local storage minimizes the need
for data sharing between machines during the computation phase. Once the local gradients are
computed, the machines communicate their results to a central coordinator (or master node), which
aggregates the individual gradients to compute the final gradient vector. This communication step
is relatively simple since it only involves sending the local gradients to the central node. The
central node then combines these individual gradient components, to obtain the full gradient. In an
ideal scenario, this parallelized approach achieves linear speed-up, meaning the time required to
compute the final gradient is reduced by a factor of m assuming negligible communication
overhead.

In addition to parallelizing the standard gradient method for smooth problems, a framework that
allows for embarrassingly parallel computation in the context of non-smooth problems can be
derived through an artificial reformulation of equation (5.4). The idea is to express optimization
problem as:

R - .
min ;zFi(x(f)):x(t.)zx,tzl,...n (6.1)
KX senX, i=1
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where x) are local variables and x is a common global variable. The constraint is that all the local
variables should be equal to the global variable. This is known as the global consensus problem,
since all the local variables should agree, i.e., be equal.

Formulating the problem as shown in expression (6.1) enables the use of decomposition
techniques, such as Algorithm 8.

Algorithm 8 Decomposition algorithm to solve (6.1);

Initialization: >0, xg, =0fori=1,..n.

a_15
Step 1: x** :H_Zl: Prox 4 (X))

Step 2: for i =1 ton do
k+1 k+1 k k k
Xy =2X "= X"+ Xg — ProXge (X;,)

end for

We use the following notations in the algorithm:

X(ki) - local variable for node i, in iteration k&

x* - global variable in iteration k
Prox, - proximal operator for function F, with a parameter S
Explanation of algorithm step by step:
Initialization: Set Xfi) =0fori=1, ... n. Parameter S is given.
Every iteration k looks like following:
Step 1: Updating a global variable
Firstly, every node i calculate proximal operator of its function F at the current point X(ki)—
ProX (X(ki)) , then all these results are sent to some central place where the results are added up
and divided by % .
Step 2: Updating local variables
For every node i =1, ..., n, Xj;" =2X" =X +Xg, — prox (x;,) -

This is calculated for each node independently - fully parallel.
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This update uses:

« the previous consensus value x*,

the current consensus value x“**,

k
(i)°

the previous local value X

» the proximal operator of the local function F,.

The iterative process continues until a predefined stopping criterion is satisfied. For example, the
algorithm can be terminated when the difference between the local variables and the consensus
variable becomes sufficiently small, i.e., when a satisfactory level of agreement is achieved.
Additionally, termination is possible when the objective function value stabilizes, meaning that
changes between consecutive iterations are negligible.

This decomposition concept serves as the foundation for the highly scalable massively parallel
consensus ADMM algorithm, which is particularly effective for optimization problems when n >2.

Fortunately, there are a variety of powerful computing models and software frameworks available
that allow us to quickly implement these concepts. Frameworks like MapReduce, Hadoop, Spark,
Mahout, MADIib, SystemML, and Biglnsights, along with high-level languages such as Pig, Hive,
and Jaql, enable the efficient parallel execution of optimization tasks. These tools handle all aspects
of communication and data transfer across the system, ensuring that tasks are distributed and
managed effectively. Additionally, they provide built-in redundancy and fault tolerance, ensuring
that the system remains robust even in the event of failures. This combination of scalability,
parallelism, and fault tolerance makes these frameworks ideal for large-scale optimization
problems.

6.2 First-order methods with reduced or decentralized
communications

For this subsection literature [4] is consulted.

In large-scale systems, transmitting the gradient or its components to a central location can often
lead to a communication bottleneck. For this problem, coordinate descent methods offer a
structured approach to minimize communication overhead. The core idea is to perform multiple
coordinate descent updates simultaneously, in parallel, across different processors. This approach
reduces communication by ensuring that each processor only needs to send a single coordinate
update and receive updates only from the coordinates that have changed, rather than the entire
gradient.

In case when the objective function is decomposable, this parallel approach effectively becomes
an embarrassingly parallel extension of the serial coordinate descent algorithm. This method
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remains convergent, though it may require a smaller step size compared to the serial version.
However, when the objective function is non-separable, this parallelization does not always result
in improved performance.

Remarkably, it is possible to decentralize the communication needs of gradient-based methods for
decomposable objectives with just a few simple adjustments.

First of all, we consider a consensus optimization problem of the form (5.4) defined over a
connected network of n agents. These problems in multi-agent networks appear in various
applications, including mobile computing, coordination of self-driving cars, cognitive radio
networks, and collaborative data mining. Here each agent i holds a private function F;, which
encodes the agent’s data and objective. The agents will work together to collaboratively find the
minimizer, while each agent can only communicate with its neighbors in the network. This
decentralized computational approach eliminates the need for a central data aggregation node and
minimizes long-distance communication, thereby enhancing scalability and improving load
distribution across the network. The following algorithms focus on the synchronous setting,
where all agents perform their updates simultaneously at fixed time intervals.

An example of algorithm with decentralized communication is Decentralized Gradient Descent
(DGD) algorithm. It is described by iteration:

k+1

n
k k c
Xy ZZWUX(J) - VF (X)), foragenti =1, ...,n.
j=1

Here represents x’{-i) € R? the local copy of the vector x maintained by agent i at iteration £k,

W=[w;]€ R"*" is a symmetric mixing matrix, where each element w;; indicates how much agent
Jj's state influences agent i's state during an update. Specifically, w;; is the weight of the connection
between agent i and agent j. The entries w;; are non-negative, meaning that the influence between
agents is non-negative. Furthermore, wj; is nonzero if and only if agents i and j are either neighbors
or identical, and zero otherwise (i.e., if there is no direct communication between agents, meaning
that agent 7 does not use agent j's information). From the symmetry of W (w;= w;;) we can conclude
that neighboring agents influence each other. Matrix W satisfies null{I-W} = span {1} and

1
(;max(W— —11T)<1. From the condition null{I-W} = span {1}, it follows that W has a single
n

eigenvalue equal to 1, and the corresponding eigenvector is the vector of all ones, 1. In the context
of consensus problems, the vector 1 is a natural candidate for the eigenvector. This is because, in
a distributed system, if all agents (represented by the components of a vector v) are in agreement,
the state v = 1 naturally represents the scenario where all agents have the same value. This
condition guarantees the existence of a unique consensus state where all agents converge to the

same value. Specifically, the condition o (W— —11 T) <1 implies that 1 is the largest eigenvalue
max n

of W, and all other eigenvalues of W are strictly smaller than 1 in absolute value. This is crucial
because it ensures that the system will eventually converge to the consensus state. In the other
words, this condition is a key factor in guaranteeing that decentralized gradient descent leads to
global consensus across all agents.
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When a fixed step size @, = a is used, DGD has inexact convergence. Specifically, for each agent

xf, )converges to a pomt within an @( a) - neighborhood of a solution to equation (5.4), with

these points potentially differing across agents. However, by approprlately reducing the step size
a,, exact convergence can be achieved, meaning that each x# (; converges to the same exact
solution. The trade-off, though, is that smaller values of a . lead to slower convergence, both

theoretically and in practice.

In case when a,= / ——( @, diminishes over time as k increases) and V F’s are Lipschitz
k73

continuous and bounded the objective convergence rate slows down to ( Y, ][9] In terms of'the
3

algorithm's convergence rate, this means that as the algorithm progresses, the decrease in the
objective function value becomes slower over time. Specifically, the convergence rate is limited

by @( ] meaning the distance to the optimal solution shrinks at a rate proportional to k"z/ 3,

2/3

This rate of convergence is slower compared to other methods where the convergence rate could
be @( 1 / k) , which indicates a faster approach to the optimal solution.

The method is decentralized because each agent i updates its local variable x" + ! by combining

its own local gradient VF (x(i)) with the weighted average of the states of its neighbors

(represented by the mixing matrix W). Therefore, agents only exchange information with their
neighbors and do not require a central coordinator to perform the updates.

Another example is EXTRA — An Exact first-order algorithm for decentralized consensus
optimization. "Exact" refers to the ability of method to converge to the exact solution. EXTRA
allows the use of a fixed, large step size that remains constant regardless of the network size, and
it operates with synchronized iterations. Each agent's local variable converges uniformly and
collaboratively to the exact minimizer of the function F.

Algorithm 8 EXTRA- Exact first-order algorithm

Choose a >0 and mixing matrices W € R”*" and W € Rnx 7, Pick any x° € R"*7;
Step 1: X" =Wx° —aVF (x°)

Step2: fork=0,1, ... do

+2 _ (l +W)Xk+l _ka _aI:VF(Xk+l)_VF(Xk)]

The expression for Step 1 of the EXTRA algorithm can be written in a more compact form as
follows:
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X = Z X0y~ aVF () i =L,

Also Step 2 can be written in following form:
k+2 k+l k+l k+1 k H
Xiy =X Z i X (i) Z Xy~ [V':i (i )—VF (X(i))] d=1...n

Each agent calculates the gradient VF, (XE))at each iteration k and uses this gradient for two

W41
purposes: once to update xk s I'and agaln to update xk +2 For the chosen matrix W= T+ each

agent computes the weighted sum Z W, x( once per iteration as well. Following suppositions

)

are important to converge analy51s.

Assumption 1 Let’s consider a connected network & = /U &/ consisting of a set of agents 0 = {1,
2,...,n} and a set of undirected edges & The mixing matrices W and W satisfy:
1. w,, =v_1/ij = 0 incase wheni#jand (i, j) € & (Thereis no direct communication between agents)

ij
—
2. W=WI W=W (These matrices are symmetric)

null {W-w}=span{l}, span{l} C null {I-w}
- 7 -
4. w>0and >W=Ww.

Points 2—4 of Assumption 1 lead to the conclusion that null {I — W} =span {1} and the eigenvalues
of W are within the range (—1, 1], which are standard assumptions for DGD. Consequently, the
extra assumptions apply only to W. In fact, EXTRA can operate with the same W used in DGD,
simply setting W= %, which satisfies Point 4.

EXTRA is widely recognized for having the fastest convergence rates among current first-order
decentralized algorithms designed for decentralized consensus optimization when objectives are
convex and have Lipschitz continuous gradient. In particular, if the functions F; are convex and
have Lipschitz continuous gradients, the EXTRA algorithm exhibits an ergodic convergence rate
of @( 1/k) with respect to the first-order optimality residual. In the case where the average
function F' is additionally (restricted) strongly convex, EXTRA converges to an optimal solution
at a linear rate, @( C *f‘) , for some constant C > 1.
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6.3 Asynchronous first-order methods with decentralized
communications

The gradient and decomposition methods mentioned above still require global synchronization to
solve decomposable problems like (5.4). For example, the gradient algorithm computes the
gradient precisely with respect to one or more examples at x%, and then the updates for x*+! are
synchronized in sequence. On the other hand, stochastic gradient algorithms, when addressing
problems like (5.4), only use an approximate gradient. This approximation makes these algorithms
more resilient to outdated information, which can occur in asynchronous settings.

Recent research has confirmed this robustness. For instance, the work in [10] models a lock-free
shared-memory system where stochastic gradient updates are performed independently by each
processor. Although the system still maintains a global vector x, each processor can update it
without coordinating with the others, using its cached version of x. Under certain conditions, this
asynchronous procedure can preserve the convergence of stochastic gradient methods and achieve
significant speed-ups when multiple cores are available.

This lock-free memory model is also applicable to stochastic parallel coordinate descent methods

[11].

Moreover, first-order algorithms with randomization have been shown to be effective in
asynchronous and decentralized environments, even when communication failures occur [12].
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7 Conclusion

In light of the growing complexity of big data problems, it is evident that traditional methods of
designing convex optimization algorithms must undergo a significant transformation. The
increasing scale of these problems demands a shift in how we approach computational efficiency,
pushing us to reconsider conventional algorithmic choices and adopt more innovative strategies.
To address the challenges posed by larger convex optimization problems, this work highlights the
importance of recognizing and exploiting structure-dependent trade-offs in algorithmic
approximations. Such insights are crucial in enabling us to solve larger-scale problems without an
overwhelming increase in computational resources.

In this work, we primarily focused on unconstrained convex optimization problems. Although
explicit constraints were not the central topic, it is important to note that constraints can be
naturally incorporated within the same optimization framework using proximal gradient
methods.

A particularly interesting case arises when the indicator function of a convex set S is used as the
non-smooth component of the objective. This allows us to rewrite a constrained problem of the
form: mén f(x) as an unconstrained one: minf (x) + g(x).

XES X

It’s important to mention that practical enhancements such as adaptive step-size selection and
momentum parameter restarting have proven to be highly effective in the context of first-order
optimization methods. Although these heuristic improvements do not guarantee better worst-case
theoretical convergence rates, they require minimal additional computational cost and do not rely
on prior knowledge of problem-specific constants like the Lipschitz constant or the strong
convexity parameter.

Empirical evaluation in the context of the LASSO formulation confirmed that accelerated
methods, although theoretically superior, often exhibit oscillatory behavior and stagnation in later
stages of optimization — particularly when no adaptive restart is applied. In this setting, it was
observed that (proximal) gradient descent with adaptive step-size outperforms the basic
accelerated method without adaptive step-size and restart, particularly in later stages where it more
effectively exploits the solution’s sparsity. However, the best performance is achieved by the
accelerated method combining adaptive step-size and restart, which demonstrates the fastest
and most stable convergence overall.

This behavior can be explained by the method’s ability to more quickly recognize the structure of
the solution — namely, sparsity — which non-adaptive accelerated methods fail to exploit
efficiently. In other words, although accelerated methods should theoretically be faster, in practice
they often show limited progress in later stages, whereas adaptive proximal gradient methods
leverage solution information more effectively and converge more robustly.
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These results highlight the value of combining theoretical approaches with practical heuristics, and
motivate further research into more robust and automatically adaptive algorithms that bring
together the best of both worlds — theoretical guarantees and practical efficiency.

Additionally, experiments with the heteroskedastic LASSO (hLASSO) formulation revealed
that the numerical efficiency of first-order methods also strongly depends on selecting an
appropriate smoothness structure for the function f. In this case, f'is self-concordant, but does
not have a Lipschitz-continuous gradient. When the first-order method is tailored to this self-
concordant structure, it can determine optimal step sizes automatically, outperforming methods
that rely on the Lipschitz assumption — including accelerated variants with adaptive step-size and
restart. In other words, efficient optimization in composite problems does not depend solely on
algorithmic improvements, but also on the proper formulation of the optimization problem — that
is, on how the objective function is decomposed into smooth and non-smooth components, and
whether its theoretical properties, such as Lipschitz smoothness or self-concordance, are correctly
identified and exploited in the algorithm design.

[t turned out to be useful to reformulate the composite form into the proximal form. This form can
deal with non-smooth and non-Lipschitz objective functions which usually occur in many
applications such as graph learning, Poisson imaging, and robust principal component analysis
(RPCA). For its solutions it is used ADMM algorithm. There are two warnings about ADMM.
First, step 2 in Algorithm 3 has to be numerically solved in general except in case when ¢7¢ is
effectively diagonalizable. Numerical solution of subproblems presents a challenge, as it requires
additional computations in each iteration, thereby increasing computational complexity and
overall execution time. Moreover, such numerical procedures complicate implementation and, if
not solved with sufficient accuracy, can negatively affect the stability and convergence of the
algorithm. Secondly, if we naively extend ADMM to handle more than two objective terms we
might not be able to guarantee convergence. For this problem, dual decomposition techniques can
be used to treat the multiple terms in the objective as individual problems and simultaneously
solve them in parallel.

In theory, first-order methods provide a simple and efficient framework for solving large-scale
optimization problems, but their application can become challenging as the dimensionality of the
problem increases. These methods often require precise numerical computations at each iteration,
which can significantly increase computational complexity in practice. Nevertheless, one of their
key advantages lies in their robustness to approximations, making them well-suited for optimizing
components such as gradients and proximal operators. This property enables the development of
scalable and efficient algorithms that remain applicable even in environments with extremely large
datasets. In this thesis, two such algorithmic approaches are explored: Coordinate Descent
Methods and Stochastic Gradient Methods.

We saw that selection strategy for the coordinate k plays a critical role in the efficiency of
coordinate descent methods. For instance, choosing the coordinate with the largest directional
derivative may seem intuitive; however, this approach requires computing the full gradient at each
iteration. Consequently, the computational cost becomes comparable to that of traditional gradient-
based methods, thereby diminishing the advantages of coordinate descent. Moreover, it can be
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shown that the convergence rate of such coordinate-based methods is generally slower than that of
full gradient methods. A widely adopted strategy in coordinate descent methods is the random
selection of coordinates, where at each iteration a coordinate is chosen uniformly at random from
the set {1,2, ..., p}. While this uniform sampling approach is simple and easy to implement, the
convergence rate of the method can be further enhanced through importance sampling.

Stochastic Gradient Methods are commonly employed to optimize the sample average of a finite
training dataset and deal with decomposable objective function. The standard Stochastic Gradient
(SG) method typically employs a decreasing sequence of step sizes {ax}. This approach leads to
convergence rates which are comparable to those of the subgradient method and can be relatively
slow. However, recent findings indicate that employing large step sizes along with weighted
averaging of the iterates can lead to optimal convergence rates. Importantly, the concept of
unbiased gradient estimation allows stochastic gradient descent to be effective not only for
decomposable objectives, but also for more general convex optimization problems.

In modern large-scale optimization problems, classical linear algebra techniques often become
computationally infeasible due to the high cost of matrix operations. The introduction of
randomized linear algebra offers a powerful alternative by enabling low-rank approximations
that significantly reduce complexity without compromising accuracy.

These techniques bring several key advantages:

e They accelerate proximity operator computations for functions that depend on the
spectral properties of matrices, thus improving the efficiency of many first-order
optimization methods;

e They provide unbiased gradient estimates, which are essential for the convergence of
stochastic optimization algorithms;

o They enable sketching of objective functions, allowing for significantly cheaper iterations
while maintaining theoretical guarantees on convergence and solution quality.

In big data optimization problems, traditional algorithms face significant limitations in terms of
memory usage and computational time. Parallel and distributed computing, when combined
with efficient first-order methods, offers a way to overcome these challenges by distributing both
data and computation across multiple processing units.

Furthermore, the reformulation of optimization problems into a global consensus framework
enables the extension of parallelization techniques to non-smooth problems. By allowing each
computational unit to work with its own local variable, while enforcing consensus with a shared
global variable, this approach facilitates scalable optimization even in more complex problem
settings.

One of the key challenges in scaling gradient-based optimization methods is the communication
bottleneck caused by the need to transmit the full gradient information to a central coordinator.
Coordinate descent methods offer a natural solution to this problem. By performing multiple
coordinate updates in parallel across distributed processors, communication overhead is
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significantly reduced — each processor only transmits its local coordinate update and receives
updates for the coordinates that have changed, rather than the entire gradient vector. When the
objective function is decomposable, this parallelization strategy becomes highly efficient and
naturally leads to an embarrassingly parallel implementation of the serial coordinate descent
algorithm. However, in the case of non-separable objective functions, such parallelization does
not always guarantee performance improvements.

A second approach to reducing communication costs involves the use of decentralized
optimization algorithms. This work presents two such methods: Decentralized Gradient
Descent (DGD) and EXTRA. These algorithms enable agents within a network to locally update
their copies of the solution using their own data, along with information exchanged only with their
immediate neighbors. This decentralized framework eliminates the need for a central coordination
node, thereby improving scalability, robustness, and the overall efficiency of network resource
utilization.

In comparing decentralized optimization methods, this work highlights key differences between
the DGD and EXTRA algorithms, particularly regarding their accuracy and convergence speed.
While DGD is simple to implement, it only achieves inexact convergence when using a fixed step
size—meaning that agents may converge to slightly different solutions. Exact consensus can be
obtained by gradually reducing the step size; however, this leads to significantly slower
convergence both theoretically and in practice.

On the other hand, the EXTRA algorithm guarantees exact convergence even with a fixed step
size, making it a more efficient solution for decentralized consensus optimization problems. When
the objective functions are convex with Lipschitz continuous gradients, EXTRA achieves an
ergodic convergence rate with respect to the first-order optimality residual. Moreover, when the
average objective function is strongly convex, EXTRA converges to the optimal solution at a linear
rate, representing the most favorable class of convergence rates among first-order decentralized
methods.

By relying on approximate gradients, stochastic gradient algorithms demonstrate a high degree of
resilience to stale information, making them particularly suitable for asynchronous and
decentralized environments. Furthermore, the use of randomization enhances robustness, allowing
for effective performance even in the presence of communication failures — a critical property for
real-world large-scale distributed systems.
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