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"The first rule of an investment is don 't lose (money). And the second rule of an investment is
don’t forget the first rule. And that's all the rules there are."

Warren Buffett

Chapter 1

Introduction

In 1956, a pair of Bell Labs scientists brought to light the scientific recipe for achieving wealth.
One of them was Claude Shannon, often regarded as the Einstein of the digital era, MIT
professor and inventor of information theory. The second scientist was John L. Kelly Jr., best
known as the creator of The Kelly criterion. Together, they applied the science of information
theory to the problem of the wealth maximization in the long run. Afterwards, Shannon and
scientist Edward O. Thorp, besides co-creating the first wearable computer, they applied the
"Kelly formula™ in Las Vegas, and it proved to be effective. They did not just formulate
theoretical concepts, but also tested them in a real life situation, earning money along the way.
Inspired by their experiences in casino, it had led them to believe that there are some other
spheres where potential financial gains can be realized in a similar manner, and the stock market
was a logical and natural progression. The mathematics used in casino is surprisingly similar to
the mathematics used on Wall Street. With a good risk and goal assessment, if used in a right
way, it can give nice and successful results. Also, it is not exclusive to gambling and Stock
Markets, it has a wide range of applications in various fields.

This study will explore fascinating connections between seemingly unrelated topics such as
gambling, information theory, stock investing, portfolio theory and applied mathematics.

The thesis is organized into 7 chapters, where the first chapter is the introduction and the last is
the conclusion. Chapter 2 introduces us to the basics concepts and properties of information
theory and betting. The third chapter will provide us with application of utility function
regarding wealth maximization and defining and applying Kelly criterion in order to determine
the optimal portion of capital for investment. A couple of different cases will be shown. In the
fourth chapter we face more serious tasks, considering the application of information theory
concepts to horse racing betting, which are more sophisticated and require more conditions that
must be taken into account. We deal with crucial concepts of information theory such as relative
and conditional entropy and mutual information. Chapter 5 brings us to dynamic field of
portfolio theory that offers a comprehensive framework for optimizing investment strategies. We
will explore basic and key concepts such as modern portfolio theory which will yield us to
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demonstrate models that use entropy as a good substitute to traditional models. Practical
application and achievements on real data will be addressed. In the final chapter we draw
attention to generalization of Shannon’s entropy, named Rényi Entropy. We delve into
innovative ways in which Rényi entropy can be integrated into portfolio analysis, offering a new
perspective on risk assessment and diversification. Through empirical examples and practical
insights, we illustrate benefits of incorporating Rényi entropy into this field.

Generally, the thesis highlights the potential for improving traditional investment and gambling
strategies through the lens of information theory.
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Chapter 2

Overview of the basic concepts

2.1 Overview of basic concepts from information theory

This section relies mostly on [7].

First, let us explain the term information theory itself, also known as the mathematical theory of
communication (Shannon, 1948). It is easy to conclude that without communication there is no
information either. The essential problem of communication is to ensure that a message from one
point can be either exactly or approximately reproduced at another point. Practically, when one
person sends a message, person who receives it needs to understand it as sender intended.

Information theory does not have a single definition, but it can be explained as mathematical
representation of the concepts, parameters and conditions affecting the transmission of messages
through communication systems. The techniques used in information theory are described using
probability theory, therefore, prior knowledge of that field is assumed.

We are interested in quantifying how much information a message is carrying. The answer will
give a central notion of information theory — Entropy.

o Entropy - a concept that has countless definitions. It was first mentioned in the field of
thermodynamics in the 19" century. Many define it as a measure of disorder in a system.

However, in terms of information theory, we will start with a quite intuitive definition. Entropy
attempts to measure the amount of information contained and conveyed within a probability
distribution. Events with low probability are more surprising, hence, carry more information than
those that are frequent. We can think of the amount of information as a surprisal of some event,

% = —log P(E). If probability that event will happen is

1, i.e. it will surely happen, I(1) = 0, and conversely 1(0) = +oo. Intuitively we see that an
unlikely event carries much more information. According to that, we can define entropy as
expected or average amount of information (surprising). A formal definition follows.

for example E. Therefore, I(E) = log

Definition 1: The entropy H (X) can be calculated for a discrete random variable X as follows:

21

HOXO) = - ) p(x)logp(x)

xeX
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Note: Logarithm function uses base 2 and the units are bits. Henceforth it will be assumed that
the logarithm is base 2 unless otherwise stated.

Also, entropy is measure of uncertainty. The lowest entropy is obtained when event is certain,
with probability 1. Conversely, the largest entropy will be if all events are equally likely. In order
to represent it graphically, we will introduce a special case of a discrete probability distribution,
and also the simplest case of a random variable - the Bernoulli distribution. Bernoulli random
variable can take only two possible outcomes, 1 for success and 0 for failure, where probability
of success is p and probability of failure is 1 —p = . Because of its nature, it forms the basis
for understanding entropy. Formal definition follows.

Definition 2: The entropy of a Bernoulli random variable is defined as follows:

H(p) = —plogp — qlogq 2.2

The entropy reaches maximum for p = q = % It can be clearly seen in Figure 1.

Entropy vs Probability
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0.0 0.2 0.4 0.6 0.8 1.0
Probability (p)

Figure 1 - Entropy of a Bernoulli random variable

In case of a continuous distribution, the so-called differential entropy is defined as follows.
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Definition 3 (Continuous Entropy): If X is a continuous random variable and p(x) is its
probability density function (pdf), entropy is calculated as:

1
H(X) = Lp(x) log%dx = —fxp(x) logp(x) dx 23

o Joint and conditional entropy

The joint entropy of a pair of random variables (X,Y) is defined as:
2.4

HOY) = =) > p(x,y) logp(x,y) = —E logp(X,1)

XEX YyEY

Intuitively, conditional entropy quantifies uncertainty about X when Y is known, i.e. we use
knowledge about Y to update our knowledge of X.

Mathematically, it is presented as:

B p(x,y)
H(X|Y) = —z Zp(x,y) log o) —Elogp(X|Y) 25

XEX yEY r(¥)

where X and Y are random variables, p(x, y) joint probability, p(x), p(y) marginal probabilities.

o Informational diagram
The connection between joint, conditional and marginal entropy is presented by chain rule.
Chain rule is defined as follows:

H(X,Y) = HX) + H(Y|X) 26

Graphically, it is graphically presented by so-called informational diagram as we can see in
Figure 2.

Another concept is introduced here, and that is mutual information I(X;Y). We can calculate it
in different ways, depending on the given data. One way is for example:

H(X) —HXI|Y) =I1(X;Y) 2.7
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H(Y)

|

H(X, Y)

Figure 2 - Venn diagram of the relationships between information measures

o Relative entropy
Definition 4: The relative entropy is defined as follows:

p(x)

D(pllg) = ) p()logy 3
x€X

2.8

The relative entropy answers the question how different two probability distributions are, i.e.

measure of distance between two probabilities.
The following properties of relative entropy hold:
D(plle) 2 0

D(pllg) =0 iff p=gq

2.9

2.10
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o Law of large numbers (Asymptotic equipartition property)

In terms of information theory, the law of large numbers states that observed frequencies of
events converge to their true probability as sample size grows. Additionally, patterns in the data
can be better used, leading to more efficient compression.

Formal statement: Let X,,X,,...,X, be a sequence of independent and identically distributed
random variables with mean E[X;] = u. The sample mean of the first n observations is defined

as:
1 n
X_"=EE X; 2.11

Then, the weak law of large numbers states:

Theorem 1: Forany e > 0: lim P(|X, —ul=¢€) = 0.
n—->oo

Many proofs of theorems are based on the use of this concept.

The law of large numbers has an impact on expected values and our understanding of the long-
term behavior of random events, which in our case are related to gambling. In short, it suggests
that over a large number of trials, observed outcomes are likely to approach theoretical
probabilities and expected values.

Now, we transition to a slightly broader and more general description of entropy.
o Stochastic process and entropy rate

A stochastic process is an indexed sequence of random variables. In other words, it quantifies
randomness in time in the context of evaluation or change. Family of such random variables for a
stochastic process and can be denoted by {X,}, where t represents time.

Stochastic process is a Markov process if:

P(Xey1 = Xpp1lXy = x4, X5 = x5, ., Xy = %) = P(Xppq = X1 | X = %) 2.12

Formula 2.3 tells us that prediction of the future requires only knowledge of the present, i.e.,
nothing that happened in the past is relevant for the probability what will happen in the future.
Only what matters is present state.

One of the classes of stochastic processes is stationary process. It is a process where the
distributions are invariant under time translations, so we can translate all of them with arbitrary
shift a, nothing will happen with distribution function. If stochastic process is denoted by X;,:

10
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P(Xe,, - Xe,) = P(Xe,va Xeyrar 0 Xeva) 2.13
Now we are wondering what is the entropy of that random process. If we have n random
variables, we want to know how does the entropy of sequence grow with n. Answer will
give us the definition of entropy rate.
Definition 5: The entropy rate H () of a stochastic process {X;} is defined as follows:

H(X,, ..., X
H(y) = lim M 2.14
n—oo n

when the limits exist.

Now we will define related quantity for entropy rate:

H Q) = Tlll—l;lc;lo H(X, X, oo Xpe1) 2.13

From this definition, we can observe the amount of randomness that X,, gives, given the past
observations. Dependence between random variables reduces total amount of uncertainty.

For a stationary stochastic process holds:

HO) = HX) 214

o Channel capacity

Shannon developed the idea of reliable information transmission, introducing the channel
capacity concept. It is the upper limit, below which communication rates could be approached
with low probability of error.

Detailed information can be found in Shannon’s work [27] and we will deal with those notions in
further work on practical examples.

2.2 Basic concepts in betting

There is variety of relationships of information theory to other fields, especially in economics
(investments) and it has wide spectrum of application.

Gambling is mostly math-driven, although the majority of people enjoys gambling but dislikes
math. Whether it is sports betting, horse race betting, poker, blackjack, roulette or stock market,

11
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there is always a mathematical background which plays significant role in understanding and
optimizing a problem.

In the following, the basic notions that will be used in paper will be explained.

First, let us define what exactly a bet is. Two people place bets on whether or not a specific event
will occur under specific circumstances. The wager may be ‘even money’, although generally
speaking, ‘odds’ may be stated.

o Even money bet

‘Even money’ denotes a type of bet where, if you win, a payout will be equivalent to the original
bet, i.e. the invested amount will be doubled. The reason why even-money bets are appealing is
due to their simple nature and 50-50 chance of winning. An example of this type of bet is
roulette and choosing to bet on red or black. We can think of these bets as fair due to their 1:1
payout ratio, where initial and winning amount is same.

o Odds

Bets are determined by their odds. They are used to express the probability of an outcome
occurring. In other words, it is ratio of probabilities that an outcome will or will not happen. For
instance, blackjack has the best odds for players, if they know how to play.

o Fair odds

Mathematically speaking, a bet is considered to be fair if all outcomes are equally likely, or when
you play the same game multiple times, on the long run, your total gain is zero. It can be simply
proved to be true if we observe tossing a coin. Probability of getting head is the same as getting
tail. If we continue to toss for a large number of times, we expect to see roughly the same
number of tails and heads.

Suppose that coin used in the game is not perfectly balanced and that chances are not 50:50 but,
for example, 60:40 for heads, how much would you bet now?

What is, from scientific perspective, the optimal amount of money you should bet with this level
of advantage? The solution to this problem was proposed by John Larry Kelly, an American
physicist.

o Edge

Everyone places a bet because they believe they are in a better position than the others. For
example, they are more knowledgeable, have access to secret technology, or possess private
information. Therefore, that kind of a gambler who has additional information and bet on
something that has a higher probability than the prescribed odds, has an edge.

12
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o Bookmakers

The odds are determined by bookmakers, by adjusting them in their favor. Typically, bookies
serve as market makers and benefit from the event regardless of the outcome due to the various
positions that you can bet on the same event.

13
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Chapter 3

Information-theoretic gambling strategies and the
Kelly criterion

For gamblers, the main goal is to make a profit by betting. In mathematical terms, to find bets
with positive expectations, i.e. that at the end of the game, the outcome is positive. Also an
important task for gamblers is to dispose of money in the right way, and to decide how much to
bet.

This has been of interest since the eighteenth century when the St. Petersburg Paradox was
introduced by Daniel Bernoulli and led to a reevaluation of the financial decisions that were
formerly thought to be wise. Fresh perspectives on money, business, and the daily choices we
make have been opened up by this paradox. More about St. Petersburg paradox in: [2]. Since
then, different approaches to the valuation of money have been encountered, but we will focus
on application of utility function. In the case of wealth, utility function increases as the wealth
increases.

We would think of relationship between money and utility as linear, but actually it is not. Utility
can be seen as happiness and if you have zero dollars and someone gives you 1008, you will be
happier than if you have million dollars and someone gives you 100$. The more money you have
the less that extra little bit of money is going to count. As we can see in Figure 3, it slowly
flattens out. The initial spike and leveling off is typically represented by a log function. Another
example of utility function is exponential function (U(x) = x?,0 < b < ).

14
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N y = logx

Utility

V

Wealth (1,0) X

Figure 3 - Utility and logarithmic functions

This was an introduction to the Kelly's criterion, since it is frequently explained through the use
of logarithmic function. It is suggested that assuming long-term goals, the logarithmic utility
function is the only reasonable choice for a utility function. What we will do is actually
maximization of logarithmic utility function, or maximization of the expected value of the
logarithm of the random variable. In our case, random variable will be capital at the disposal of
the gambler.

3.1 Kelly criterion

Let us look at some realistic and some a little less realistic situations that examine the
fundamental characteristics of a communication system. The chosen scenario involves a situation
in which a gambler leverages information about the received symbols from a communication
channel to place advantageous wagers on the transmitted symbols.

Imagine a communication channel used to share the results of an unpredictable event before it
becomes widely known. That gives the gambler an advantage as he can still gamble at the
original odds. As we said earlier, the key factor that determines the amount of money a gambler
could profit from is the size of his bet. Given this advantage of knowing the game results, the
question arises: How much should the gambler bet to maximize his profit, or what is the
maximum he can bet without going bankrupt?

15
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The scenario essentially discusses an event in which an individual can profitably place bets if
they have advance knowledge of game results that is communicated through a trustworthy
channel. Finding the right amount to gamble for optimum profit is the difficult part.

The solution to this problem was suggested by John Larry Kelly [12]. He discovered that in order
to make the most of the information that gives you an advantage, you need to bet a portion of
your money according to a certain formula. There are more approaches depending on the level of
advantage the gambler has.

First, we will consider the case when the gambler has a private wire.

3.1.1 The gambler who possesses private information

3.1.1.1 Noiseless binary channel

Let us start by investigating a case where we have noiseless binary channel. An example where
this kind of channel might be used is to transmit baseball game results between teams that are
evenly matched. In such a scenario, the gambler would wager the maximum amount possible, as
they are confident in doubling their money due to the reliable, noiseless nature of the channel.
Therefore, the gambler's money would multiply rapidly, reaching 2™ times the initial amount
after n bets, showcasing exponential growth of his capital, i.e.

C, = 2"C,, 3.1

where:

C, — Initial capital

C,, - The capital after n trials (bets)

For consistency, this convention will be applied throughout the whole work.

The situation described above is far from realistic, and is only possible in extreme situations that
are mostly illegal, but it is easiest to present as a starting point.

3.1.1.2 Noisy binary channel

The more common situation is the gambler who has a noisy channel. In this scenario, the
outcome is conveyed accurately through the channel with a probability p, and inaccurately with a

16
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probability g. And again, the gambler retains the option to wager his entire capital. But, due to
the nature of the noisy channel, if he continues to wager with entire capital each time without a
fixed limit, the probability that he loses everything tends to 1.

Optimal strategy implies that for such conditions it is wiser to bet only a fraction f of the initial
capital. The bets are made with even odds, starting with an initial wealth C,. The wealth after n
trials, utilizing a betting fraction f of the initial capital (expressed in %), is expressed as follows:

Co = Co(1+ A1 - f)B 3.2

where A is number of wins (Achievements), and B number of losses (Breakdowns) in n bets.

We are interested in understanding how the gambler's capital grows over time. If the capital is
growing exponentially, it means it is increasing at a certain percentage rate with each bet.

Definition 6: The exponential rate of growth of a gambler’s capital, denoted by

Gr = lim 1 (C")
T_Tll—l;lgon Og CO 33

represents the average compounded growth per bet as the number of bets approaches infinity.
Formula Breakdown:

e Practically, this is ratio which represents how much the gambler's capital has changed
over all the bets, i.e. the final amount compared to the initial amount

e Limit is used because we want to see what happens to the average growth rate as we
consider more and more bets. We want to see how the growth behaves in the long run

e The formula uses the logarithm to express the average growth rate in a more interpretable
manner, capturing the long-term trend in the capital growth over an infinite number of
trials

The exponential rate of growth can be restated according to 3.2 and 3.3

1 /Cpn 1 A B
Gr(f) = 1og () = 1ogl(1+ HAA—PP) = Tlog(1+ )+ log(1=f)

To optimize the gambler's capital after N bets, it is imperative to maximize growth rate, but
instead of maximizing Gr, we will actually maximize the expected value of Gr, denoted by gr

gr(f) = E(Gr,(f)) = plog(1 + f) + qlog(1 — f), 35

17
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using the fact E(A) = np is expected value of success in n trials with success probability p, and
E(B) = nq is expected value of failure in n trials with failure probability q.

In probability theory, an expected value tells us what outcomes to expect in the long run, using
the probability of each outcome.

We now turn to the maximization process and firstly, calculate the first derivative of gr which
will indicate a potential maximal value. For the sake of simplicity, the natural logarithm will be
used.

r(fy =L 4 _pA-H-qa+f) _p-pf-q-af 16
I 1+f 1-f  a+na-5 _ aA+pa-pn '
_p—q—flp+e) _ p-q-f
1+H0-1) 1+HA-1)
where gr'(f) =0when f = f*=p—gq,and p = q > 0. Then, the second derivative
ween _ (P4 \ _ p B q
gr(f)_(1+f 1—f>_ ((1+f)2) ((1—f)2)<0 37
Concavity of function gr(f) implies that there is a unique maximum at f*, where
gr(f) =plog(1+p—q)+qlog(1—p+q) = =plogp+qlogqg +1log2>0 38
gr(f*) =plogp+qlogqg+1=1-H(p), 3.9

where H(p) is defined by formula 2.2.

There are many advantages of maximizing gr, but the one that will be formally defined in a
simple way is one which indicates the efficacy of utilizing the Kelly method of maximization
expected value of capital by choosing f*on each trial.

Proposition _1: For a binomial random variables, where probability of success is p, and
probability of failure is q, expected value of the final capital is maximized by fixed fraction f*,
where f*=p—gq .

We will present this with a practical example in order to plastically explain the story so far. We
can look at this scenario through the example of tossing a coin with biased distribution.

Example 1: Imagine a coin toss game with a biased coin, where the payoff is even money,
player A enters the game with an initial capital C, that we assume to be infinitely divisible, and

18
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the probability that player A wins is p = 0.6. In order to find the optimal fraction on which to
invest so that the desired outcome in the end would be as large as possible and grow as fast as
possible, applying Proposition 1, f* = 0.6 — 0.4 = 0.2. That means player will bet with 20% of
current wealth on each play.

Under those conditions, as we can see in Figure 3, the growth rate in f*(= 0.2) will be 0.03.
That means after n bets, his wealth will tend to 2°93*" times his initial capital.

gr(f) when p=0.6

»

0.0 ® Maximum Point
_05 .

_1.0 -

—-1.5 4

grif))

_2.0 -

_2.5 .

_3.0 -

—3.5 4

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4 - Logarithm of the wealth growth rate depending on fraction with fixed winning probability

If we want to know how long will it take for the investment to double, we will set the growth rate
to be equal to log2, i.e. we will solving equation 0.02n = log 2, which will give us estimation of

time (n), n = loe2 35,
0.02

Moreover, as it can be seen in Figure 3, expected growth rate cannot be negative for all f > 0
and f < f~, but for f > f*, it becomes negative. It occurs when the probability of winning is
overestimated.

Note: Everything was done with the assumption that capital is infinitely divisible, which is not
applicable in the real world.

19
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3.1.1.3 Uneven payoff games

The concept of uneven payoff games means the odds may not accurately reflect the true
probabilities. Therefore, the narrative could be extended and it can be assumed the odds in favor
of winning is a: 1. The game is favorable if pa — g > 0. So formula

gr(f) = E(Gro()) = plog(1 + f) + qlog(1 — f) 310
is changed to
gr(f,a) = E(Gr,(f,a)) = plog(1 + af) + qlog(1 — f) 3.11
With a simple calculation of maximization process, optimal fraction f*is calculated
_ap—q 3.12

f a
Until now we focused on analyzing binary cases. Now, we will broaden the scope to more

complicated situation, particularly those involving non binary outcomes, such as horse races. It
will enable us to investigate the details that lead to a more comprehensive understanding of the

dynamics of gambling and information theory.

20
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Chapter 4

Wealth formula for horse race

Now that we have familiarized ourselves with betting strategies and goals using simple
examples, we will move on to a slightly more sophisticated game of chance, with rich history
and cultural tradition, and which requires certain skills. It is game of chance regarding its
essential uncertainty. There are numerous unpredictable factors, some factors are related to
horses, but some also concern weather conditions, and other unpredictable events that can affect
the result and performance of game. It is considered attractive due to its availableness for
serious, but also for casual gamblers. Experienced bettors like to analyze different factors (such
as recent performance, historical information, etc.) and to use it to make better decisions which
attract a higher realized profit. There are also statistical models and algorithms that can help to
predict more accurately. Good connoisseurs of mathematics and statistics, who are also
enthusiastic gamblers, have an advantage using effective bankroll management strategies to
minimize losses and maximize profits over the long term. Unlike some sports, another attractive
fact is frequent races, even more in one day, which gives the possibility of consecutive betting
and faster winnings.

4.1 Choosing strategy

Each strategy has its advantages and disadvantages, but we have to decide on something in order
to interpret the results. Betting on one horse might lead to a higher potential profit in case that
horse wins, but it is also considered risky for many reasons. Some of the reasons are very high
uncertainty, great potential for losing wealth entirely, low odds for favorites etc.

On the other hand, there is another approach, widely known as ‘covering the field’. Although this
also has its good and bad sides, it distributes risk across multiple outcomes, and despite potential
reducing of profit, there is more consistent returns which can be reinvested again. Therefore,
moving forward, ‘Dutching’ technique will be considered as principal approach in this thesis, i.e.
we are covering all possible outcomes of an event. Furthermore, we will consider flat racing, i.e.
horses run on a level track, and our chosen betting option is to bet on the horse to finish first.
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4.2 Multi-horse betting strategy and wealth growth in repeated races

We will consider a series of horse races where gambler spreads all of his wealth over k horses.
This means that he has to divide his capital and that fraction of the capital that he invests in the
horse i will be denoted the same as in the previous section by f;, with constraint that the sum of
all f; is equal to 1. That ensures that the entire capital is invested. Also, we will assume odds d;,
where the payout is related with that specific outcome. In simple example, if you bet 2$ on horse
i with odds d;, your payoff is (2 x d;)$ if horse i wins and you receive 0$ if that victory does
not occur. When we apply it to our problem, we can define function V(X) = fyxdyx which
represents attribute that will increase gambler’s capital if horse X wins, with probability p.

Let us discuss a single race. We will denote gambler’s gain after first race with C;, and C initial
capital, where X is a winning horse in the first race:

Cl = C()V(X) 41

If we extend this to multiple races (n races), considering that the gambler reinvests his money,
his wealth after n races, including only wins is:

n
Ca=Go| [Vex a2
i=1

where X; is the winning horse in the ith race. Product [T}, V (X;) is accumulated gains over all n
races.

For better clarity and results, using the logarithm function provides more intuitive insights.
Consequently, we will define the logarithmic return r; = log V (X;). It is useful firstly because of
basic properties of logarithms, which transform product to sum, and it is easier to work with
additive terms.

As discussed in the previous chapter, expected value plays an important role, and it is used to
estimate the average growth of the gambler’s wealth over multiple races. Therefore,

E(r) = E(logV(X;)) 4.3

is expected value of the logarithmic return.

Then,
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n n
logC,, = log (Co 1_[ V(Xl-)) =log C, +z logV (X)) 4.4
i=1 i=1

If we take the average of the logarithm of wealth, %log C,, we can use law of large numbers

which describes the convergence in probability of the sample mean to the population mean as the
sample size increases. In the other words, sample mean converges in probability to the expected
value. Since log C, is a constant term, representing the logarithm of initial wealth, neglecting it
does not significantly alter the accuracy of conclusions drawn from the further analysis about the
convergence behavior. Therefore, we continue on omitting log C,, and taking the average of only
the second part of the expression from 4.4:

n
1
= logV (X ~ E(logV (X)) =
n i=1
where
k k
E(logV (X)) = ) pilogV(X) = ) pilog(fidy) w6
i=1 i=1

We will denote this expression as g(f).

Therefore,

1 4.7

—logC, = g(f)

n
i}

log €, ~ ng(f) 4.8
i}

C, ~ 2ng(f) 4.9

This formula suggests that the gambler’s wealth experiences exponential growth and the rate of
this growth is determined by expected value of the logarithmic return. This also indicates that as
larger the expected value (g(f)), the faster the wealth tends to grow over repeated races.
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Although, the central limit theorem remind us that there will be short-term fluctuations that can
impact gambler’s wealth negatively.

That indicates, in order to optimize wealth, we have to maximize g(f). So, we are maximizing

k
max g (f) = z“}az pilog(fidy) o

It will be done by solving the optimization problem with constraints using the Lagrange
multipliers method with the objective function

4.11

2= ) pilog(f;d)

and constraint
4.12
Z-fi ~1.
L
To simplify, we change the base of the logarithm to e and we set up the Lagrangian function:

L= Z,pi In(fi dy) — A(Zﬁ - 1) 4.13

where A is Lagrangian multiplier. Next, we need to find partial derivative of L with respect to f;
and to set it equal to zero:

A _Diya=o  i=1.k e
_— =0, 1=1,..
afi  fi

which implies

Dy
fi _ bi 4.15

Back to the formula 4.13 and replacing f; , we obtain the following:

_%:1 S oa=-1 pi=f 4.16

Therefore,
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f:f*:p 4.17

is critical point of function L, and p is probability of winning. Taking second derivative can help
us determine whether that critical point is local maximum, so

d*L p 4.18
E— Y
df? f?

Concavity of L implies that f* is a maximum, where

k Kk Kk Kk
g(f) = Z Pi log(pd;) = Z P logp; + Z Pi logd; = z Pi logd; —H(p) 419
1= = 1= i=

l

where H(p) is entropy.
We can notice that the same strategy holds regardless the odds if we bet entire capital.

We have considered so far the situation when the outcomes of individual races are independent
of each other, the probability distribution of outcomes for each race is the same, which indicated
to i.i.d. horse races. It certainly makes the analysis more reducible. However, in reality, races
may not always meet these assumptions. Also, we did the analysis above under the assumptions
that gambler invests entire capital which he can reinvest again.

However, there are cases where the gambler should consider whether he wants to invest the
whole wealth. He should make wise choices and must be aware of market changes and betting
trends because bookmakers constantly modify their odds. Bookmakers adjust the odds to ensure
they make a profit. They build margins into the odds, and the sum of the probabilities is greater
than 1 (100%). That ‘overbalance’ is known as ‘vig’. The odds offered by bookmakers may
deviate from fair odds. When the odds are fair, the sum of the probabilities is one.

4.2.1 The impact of knowing the probability distribution

We will define by b; = % bookmakers probability distribution; this is a way of converting odds

into a probability-like measure. For example, if the odds for horse i are d; = 3, then b; = § , L.e.
horse has a g probability of winning.

Whether the Y; b; is greater or smaller than 1 determines whether the game is fair and whether the
strategy is optimal. When sum is smaller than 1, the conditions are more favorable for the bettors
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because the bookmaker's odds do not cover all possible scenarios. However, the best presenting
situation when it comes to the real world, is case when sum is greater than 1, which indicates that
bookmaker makes a profit regardless of the actual outcome, and this is the least favorable and
most challenging situation for the bettors, but at the same time, an integral part of the betting
ecosystem, which cannot be avoided. Achieving perfectly fair odds in real-word is almost
unattainable.

In order to make the whole concept more comprehensible, and to remove the complexities, we
are going to break away from reality a bit. We will consider the case when ), b; = 1 which
indicates that the game is fair, i.e. no additional margin applied by bookmaker. If we play
proportional gambling (f = p) then:

9() = ) pilog(fid) = ¥ pilog (L) = D(F1IB) = D@IIE) > 0 0

Here we come to the term from information theory we introduced at the beginning, which is
relative entropy. It is clear that gambler who knows the true probability cannot lose. And if and
only if p = b (casino’s odds are correct) relative entropy will be 0. But in reality, achieving this
situation is challenging due to the many factors. D(p||b) = 0 iff p = b means that true
distribution is equal to bookie’s estimate of distribution. That implies the odds offered by the
casino are fair. Under such conditions, in the long run, the gambler will neither win nor lose, he
will be at zero.

A more realistic situation is when the true probability is unknown for both gambler and
bookmaker, so proportional gambling cannot be applied.

g(f)=zpi10g(fidi)= Zpilog<£>=2pilo (fl pl) Zpll g( ) 421
+Zpllog() Zpllog() Zpllog(fl) DIID) - D(IIf)

Then the gambler will be in the plus if his estimation is better than the bookmaker's.

4.2.1.1 Uniform distribution

If the odds are "t-for-1" for each horse in a race, it implies that the potential profit is consistent
across all horses. Each horse has the same ¢t: 1 odds format. For instance, if the first horse has 3-
for-1 odds, the second horse, the third, and so on, would also have 3-for-1 odds. Now, again with
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assumption of perfectly fair market, we set equal chance of winning for each horse. That implies
the odds are fair, and distribution is uniform. If we say that odds for each horse is t,

g(f) = Z p;log(p;d;) = z p; log(p;t) = Z p;logp; + Z pilogt =logt —H(p) 45
i i i i

As we said above, relative entropy measures how one probability distribution diverges from
another. Odds are expressed as t, so implied probability is % and true probability is p. Difference
between the implied probability based on odds and the true probability is

1
D <p| | ?) 4.23

From formula 4.23 we got the important claim.

Theorem 2 (Entropy-wealth conservation): If odds are uniformly distributed and fair

g(f* )+ H(p) =logt 4.24

We can see the connection with data compression which reflects trade-off between uncertainty
and information efficiency. The higher the entropy, the slower wealth grow, and vice versa.
Entropy has an impact on wealth; the more unpredictable the outcomes, the less wealthy the
gambler. Hence, it is advisable to minimize entropy as much as possible. The question is how to
do it, and the answer lies in conditioning.

4.2.2 Strategic betting with exclusive knowledge

The conditional probability captures the updated likelihood of a horse winning based on the
additional information. As we know entropy decreases by decreasing uncertainty, but also if we
have any additional information (side information). Various types of information can reduce
uncertainty and increase wealth, for example historical data, weather condition etc.

The following notation will be used:
x € K - symbols representing horses
s € § - side information

p(x) - win probability
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p(s) - probability of side information s occurring

d(x) - odds

p(x,s) - joint probability of x and s

p(x|s) - conditional probability of horse x winning given side information s
p(s|x) conditional probability of side information s given that horse x wins

f(x|s) fraction of gambler’s wealth he decides to bet on x after receiving s

d(x) = ﬁ - meaning the reciprocal of the winning probability gives the odds

We still consider fair odds, and that gambler bets on full capital

Zf(xls) —1 4.25

We want to maximize g with respect to f(x|s). Using the formula 4.11 we can construct
conditional grow rate by:

4.26

9(X1S) = ) p(x,5)log (x1s) - d(®)

max g(X|S) = max Z p(x,s)logf(x|s)d(x) 27
X|S
X,S

We are interested in what difference in the growth rate this additional information contributes
and we will denote that desired difference by:

A(g) = max g(X|S) — max g(X) 4.28
fxls)

Considering proportional gambling, i.e. f*(x|s) = p(x|s):
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A(g) = ;?xallg) z p(x,s)log f(x|s)d(x) — z p(x)logd(x) — H(X) 429
= > p(x,9) logp(xls)d() - | Y pG)logd(x) — H(X)
— —HXIS)
+ ) P9 = | Y p(0logd() — HX) | = HON) - H(X]S)
Using the formula 2.7 we can conclude
A(g) = 1(X;S) 4.30

So we can see that the difference between maximum exponential growth rate for proportional
betting in the presence of side information and maximum growth rate without side information is
equal to the mutual information between horse race X and side information S. It can be
concluded if the odds are fair, uncertainty is the highest, and profit can be obtained only if
gambler has some side information. Understandably, if side information is independent, it does
not affect rate of growth.

We said in the opening part of this chapter that experienced gamblers analyze previous races in
order to gamble smarter, but this makes sense if those races are truly interdependent and the
results of the current race can be correlated with the historical performance of the participating
horses.

The next thing we will see is how the dependent races affect the growth rate of wealth, and
therefore the knowledge of stochastic processes and entropy rate that we defined in Chapter 2,
Section 2.1 will help us a lot.

4.2.3 Dependent bets on horse racing

Making a strategy for future bets is greatly influenced by the past, if these events are somehow
connected. It can be betting on sports matches or investing in the stock market. In sports matches
as well as in horse races, a team or a horse that often wins, the probability that it will win again is
high. In the same manner, stocks that are showing signs of instability are undesirable for
investors, because there is a greater chance that they will be less resistant to market uncertainty
in the future as well. Managing the risk of uncertainty is the topic of the next chapter. So, it is
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smart to use knowledge of previous results in our betting strategy for horse race. We assume the
horse races form a stochastic process where the sequence {X;} contains race results and the odds
are uniform, r:1. We are defining bet on the last race as f(X,|X._1, ..., X1). Therefore the
growth rate is calculated:

mjgxg(f) = mjgxz (X1, v, X)) log(f(Xy [Xy, wovv, Xpo)1) =logr — HXp Xy, v, Xno1)y 454

when f* = p. For a stationary stochastic process, using formula 2.16

m}gxg(f) = logr — H(X,|Xy, ..., Xn—1) = logr — H(x) 4.32

H(Xq,...

where H(y) = lim - Xn) That implies
n—->oo

m}gxg(f) + H(y) =logr 433

We are coming again to conservation statement, but for entropy rate. That indicates for a lower
entropy rate, growth rate is larger. In other words, low entropy rate indicates that the outcomes
are more deterministic. This is logical since with reduction of uncertainty outcomes become
more predictable and certain. That means that initial conditions are well-defined. This
predictability can contribute to achieving higher maximum rate.

So far we have seen that the best strategy in terms of long-term betting and reinvestment is to bet
proportionally to the probability distribution. Although our intuition may tell us otherwise, we
should not deviate from the original strategy. There may be better options if the wagers are
independent or if you intend to keep your earnings. For instance, single sport wagers and lottery
tickets. You need to be careful and familiarize yourself with the idea because the circumstances
in which Kelly should be used rely on the particular qualities.

One can continue in this narrative and generalize the previous strategy to the stock market and
portfolio theory. Log-optimal portfolios, connection with side information, stationary markets,
universal portfolios etc. can be found in [7].
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"It ain't what you don't know that gets you into trouble. It's what you know for sure that just ain't
so. "

Mark Twain

Chapter 5

Measure of entropy in portfolio theory

In this chapter, we dig further into the progress and shift from gambling's unpredictable results to
investment management's strategic approach. As we have seen in previous chapters, randomness
is inherent in gambling activities. On the other hand, portfolio theory provides a more structured
framework for optimizing risks and returns on the stock market. Thus, this chapter will logically
be suitable for a more methodical investigation of risk management and financial decision-
making.

Although both the casino and the stock exchange originated and developed in the 17th century,
in a similar period, their purpose is certainly different. In contrast to casinos which have
traditionally been primarily for games of chance, enjoyment and entertainment, the stock market
is used to purchase and sell financial bonds that allow businesses to generate funds and investors
to trade in ownership. The key difference is that stock market is legitimate form of investment,
contributing to economic growth, which does not apply to gambling.

Regardless of the fact that they have different goals, gambling and stock market share common
features such as risk and uncertainty. Another common thing is investing money that can
potentially lead to profit or loss. As expected, speculation is involved in both cases.

Although we have seen that there is an optimization solution for classic gambling as well, with
certain conditions that may conflict with reality, but despite all, luck is still the key factor, and
we will see that in stock market there are many more different factors which affect the outcome.

Why is the stock market appealing is a frequent question and we will answer it with some basic
facts.

e Building wealth over time. When an investor has shares in a company, along with the
company's growth, the investor's capital also grows.

e When investor buys stocks, he owns a share of a company.

e Anyone can easily access the stock market through online platforms.
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In addition to the fact that everyone can follow the stock market, they must be aware that every
investment carries with it risks, and what is the basic and main goal of everyone who invests is to
minimize the risk and maximize the profit. Therefore, before making an investment decision,
everyone who finds investing intriguing and wants to give it a try should conduct study or
consult an expert.

Conducting a study is exactly what we will do, based on the principles of information theory and
related concepts. But before we scratch the surface, let us familiarize ourselves with the basic
factors and concepts needed to build and manage a portfolio. There are many definitions of a
portfolio, but in the simplest way it can be defined as a collection of financial assets. Those
assets may belong to an individual, but also to investment institution or firms. Financial assets
can include stocks, bonds, funds, even real estate. Recent years have seen a significant amount of
research on the advantages of incorporating unconventional assets into conventional stock and
bond portfolios. Bitcoin as an alternative investment option has attracted enormous attention
from the media and investment communities. More about this topic is in [26]. Stocks or shares
in a company are the most typical part of a portfolio.

In creating a portfolio, it is important to identify the objective, risk tolerance, choose the asset
allocation, but perhaps most important is to diversify the investments, in order to spread risk. (It
is less hazardous to own a portfolio of assets from diverse classes than it is to maintain a
portfolio of assets that are similar). Having assets in your portfolio that are not exactly positively
connected is essential to diversification.

5.1 Modern portfolio theory

The desire to reduce risk for a given level of expected return or maximize expected return for a
given level of risk was framed mathematically in 1952 by Harry Markowitz [19]. To put it
differently, it is a theory that addresses how to build a diversified investment portfolio while
striking a balance between risk and return. It is called modern portfolio theory (MPT).

Key concepts of MPT:

e Return — financial gain or loss made on an investment over some period of time

expressed in percentages
ending stock price — beginning stock price + dividends

stock return = ( ) x 100

beggining stock price

e Risk — probability that an investment will lose money or deviate from expected outcome
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e Risk-Return tradeoff - Investments with a high degree of risk are more likely to
experience higher returns (higher risk - higher reward)

e Diversifiable Risk — risk that can be reduced through diversification

e Correlation — measure how two assets move in relation to each other

e The risk-free rate - return on an investment with zero risk of financial loss

e The efficient frontier — the best combination of investments to maximize returns for
minimal risk

5.1.1 The efficient frontier - graphical representation

Risk can be represented as standard deviation. To present efficient frontiers, we need to
understand the relationship between risk and standard deviation. Standard deviation is a
common statistical measure that quantifies the amount of variation or dispersion of a set of
values. In the context of finance and portfolios, standard deviation is used to quantify the risk of
a certain investment. The standard deviation indicates how much the actual return is expected to
deviate from the average expected return. Generally, a higher the standard deviation is associated
with higher risk, and vice versa.

Expected return is actually the mean return.

One of the most significant graphs in the field of finance is the curve represented in Figure 5.
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Figure 5 - Efficient frontier curve
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If the market is efficient, this curve exists. An explanation of the curve follows:

e A portfolio that lies on the efficient frontier is superior to the one below. For a given risk,
we are aiming for the best possible return (risk and return are efficiently traded). If we
look at portfolios that are on the efficient frontier, we cannot say what the best portfolio
allocation is, because it depends on the level of risk tolerance of the investor. If we have
two portfolios that have the highest return for a given risk, we cannot say that one is
better than the other. Investors with a higher risk tolerance will prefer one with a higher
risk, while more conservative investors will look for less risky investments.

e A portfolio that lies above the curve means that the portfolio is considered
underestimated (for the same level of risk, the expected return is higher). If one invests in
the portfolio of that kind, its value will rise and adjust to fair value.

e A portfolio that lies below the curve is considered overestimated because the risk is
greater for a lower return that the investor can get. Therefore, if one invests in those
portfolios, losses are expected.

Portfolios that are outside the curve lead to opportunity and to another concept in finance, which
is arbitrage. This happens due to temporary market inefficiencies. The investor concludes
whether the price is fair or not fair, and accordingly decides whether to buy or sell something.
The idea that lies behind it is ‘buy low, sell high’. That's why undervalued and overvalued
portfolios mean to us, that overvalued stocks are sold and undervalued stocks are bought. It is
important to know that such arbitrage opportunities do not last long, due to active tracking and
monitoring.

In addition to all this, the fact is that risk cannot be completely avoided, due to the constantly
changing market. Therefore, besides knowing the terminology and mastering the subject matter,
it is crucial to stay informed about economic trends, company performance and global events
that may affect the financial market.

5.1.2 Mean-variance approach

Now that we have familiarized ourselves with the basic concepts and principles used in finance,
or more specifically in portfolio theory, we have made a nice introduction for the approach
which marks the beginning of modern portfolio theory, and it is exactly the mean-variance
approach. This theory continues to be the standard, or baseline methodology used by scientists,
researchers, and all professionals in the field of finance.
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The traditional answer to the basic question that interests every investor is how to find the
optimal way to invest in a certain set of assets. The technical name for strategies that solve this
problem is Portfolio selection model, same as the title of the first paper by Markowitz on the
subject [19].

Before Markowitz’s work, portfolio selection was primarily based on the return generated by an
investment. Risk was not given much attention and Markowitz considered it mistake. Therefore,
he raised risk to the same level of importance as return. And so the idea of portfolio risk
emerged. Variance has become an accepted measure of risk. Markowitz was the first to show
how the variance can be reduced by the influence of diversification.

Mathematically, portfolio can be presented by vector of weights v = (vq, vy, ..., v,), Where v is
containing of investor’s allocation of wealth where

n
Zvi =v'l, =1

As we said earlier, the sample variance represents a measure of risk, and a sample mean a
measure of return. Weights refer to the proportion (in %) of investment allocated to each asset
within a portfolio, i.e. weights indicated how much of your total investment is placed in each
particular asset. Therefore, MV (mean-variance) problem seeks to choose those weights where
the variance is the lowest of portfolio returns, while aiming for a certain target.

5.1

We define vector of the returns of individual assets in the portfolio as R = (R, ..., R,),
covariance matrix var(R) = C and expected (average) return m = E(R).

Now we can formulate the objective function of MV problem as follows:

minv’'Cv 5.2
v

subject to the constraints:
E@WR) =7
m = 1, , Where T, is target return
v'1,, = 1, investment is fully allocated

We can also go the other way by maximizing expected portfolio return (v'm) instead minimizing
the portfolio variance.
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Understanding assumption about investor behavior and financial markets is very important for
using this model in a proper way, because model is built upon certain expectation. Deviations
from these assumptions in a real world can impact the reliability. A couple of example
assumptions will be listed below:

1. Investors can make probabilistic assessments of the future returns of assets using for
example historical data, models etc., and those estimated probability distributions is a key
input in mean-variance analysis. The accuracy of these assumptions depends on the
availability and quality of the data, as well as the investor's ability to use the given data in
the best way and predict the future.

2. Investors measure their satisfaction represented by a utility function and they aim to
maximize it, making decision based on their financial state over a specific period of time,
they are not looking a long-term perspective.

3. Investors focus only on the two first moments of a probability distribution: expected
value and variance.

This type of analysis provides a useful framework and fundament od modern portfolio theory,
but makes certain assumptions that may not hold in the real world, such as a normal distribution,
and observing only the first two moments. The problem is that financial returns are not typically
normal. They mostly have negative symmetry, skewness, kurtosis, etc.

The success of a portfolio depends in part on the correct assessment of risk. However, it happens
that the risk is correctly assessed on the basis of historical data, but the problem is still not solved
because no attention is paid to the uncertainty of data, because MV is often concentrated only on
a few assets. Therefore, the optimal portfolio may be less diversified. Some even suggest that the
standard deviation cannot perfectly illustrate the risk.

5.2 Entropy Approach

Having established a foundation with methodology in the previous section, we are now entering
the pivotal point of this chapter. That is how information theory relates to this topic.

Although there are still various new applications of the mean-variance method and it is still
actively used for various researches, we will devote our attention to research from a newer and
different angle based on information theory which will try to overcome the problems that existed
in the traditional approach. 20 years had passed since Markowitz method, and in 1972, entropy
was introduced as a measure of risk to replace variance. A model was considered to maximize
expected return and minimize entropy. In the last section, we saw variance as a measure of risk,
which we will replace with entropy in this section. Although used as measures of risk, these two
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terms are fundamentally different when it comes to interpretation. Special case is when random
variable X is Gaussian, entropy and variance become connected:

1 5.3
H(X) = 5 log(2meVar(X))

Another type of comparison is given in the paper [22], which compares the efficient frontier of
mean-variance and mean-entropy. This is another reason why entropy should be considered, and
mean-entropy model will be given below. The first thing that is exemplified in the picture is the
difference in shape. The main difference is that entropy balances risk and return better.

Risk-Return Efficient Frontier: Entropy vs. Variance
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Figure 6 — Difference between entropy and variance. Soruce: [22]

In order to overcome the problems and limitations we had in the traditional model, we will
employ a variety of different models and see if they show better performance when we are not
limited to the normal distribution.
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5.2.1 Single objective model - ME (Mean-Entropy) model

When the transition from MV to ME happened, an index-based framework for construction a
portfolio was described. The portfolio’s entropy is computed based on the relationship between
individual asset returns and a market index return.

Market index return R,, — an indicator of how well a set of assets performed in a specific market
measured in percentage over a given period of time

Asset’s return (Ry, R,, ..., R;)) — depends on Ry,
We can describe this dependence by conditional entropy:

H(Ri|Ry) 54
In the context of portfolio, conditional entropy measures the uncertainty of individual returns
taking into consideration the impact of the market.
Another notation is portfolio weights (v;) — proportion of the portfolio allocated to each asset.
e.g. v, — proportion of the portfolio allocated to asset 1.

The objective function combines these weights and conditional entropies in the following way:

n 5.5

min Z v?H(R;|Ry)
=
with respect to the constraints:
E(v'R) = 1, — expected return of the portfolio is equal to a specific target return
v'1,, = 1 —sum of all portfolio weights is equal 1 (no cash left unallocated)

What is interesting and innovative about this approach is observing not only the individual asset
but also its connection with the wider market, allowing for a more sophisticated and potentially
more realistic representation.
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5.2.2 Single objective versus multi-objective portfolios

Although ME is more interesting and brings something new by observing conditional entropy, it
is still a single objective problem — which has the task of optimizing only one goal or objective.
Its benefit is that it is simple and easy to understand, but it probably won’t be able to adequately
represent the complexity of the real-world. Most of the real-life problems, including portfolio
optimization, have multiple conflicting objectives. The basic and at the same time the most
important example is profit maximization with minimal risk. Due to this problem, and problems
similar to it, multi-objective optimization is used, which considers several objectives at the same
time. Decision-making in the real world is often reduced to an ideal balancing act between
multiple goals. Therefore, unless there is a cause to assume that higher moments have no impact
on the investor’s decision, higher moments must not be disregarded.

5.2.3 Portfolios with multiple objectives

5.2.3.1 Mean-variance-entropy (MVE) portfolio

As we said earlier, diversification is key goal of asset allocation since it lowers the unsystematic
risk. Furthermore, when diversification rises, variance falls. By combining the variance of assets
with the entropy of weights, it is created diversified portfolio know as mean-variance-entropy
(MVE) portfolio.

In this portfolio, entropy is not used as a risk indicator, instead, it is incorporated to produce
weights that are nearly uniformly distributed. This model can balance the risk and diversity of
the portfolio with the right selection of the momentum factor.

Model is defined as follows:

n
minv'Cv + ,uz v; logv; 5.6
v

=1

Adjusting the parameter u allows to control the importance if entropy in the overall objective.

If we take u = 0, we get MV model.
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5.2.3.2 Mean-variance-skewness-entropy (MVSE) portfolio

Skewness describes the asymmetry in a probability distribution, as it is presented in Figure 7.

Negatively Skewed No skew (Normal) Positively Skewed

Figure 7 - Types of skewness

Positively skewed — higher probability of large gains than large losses
Negatively skewed — higher probability of large losses

It is stated that investors should incorporate the skewness of the return distribution as a part of
decision-making process. The reason is investors' awareness that there is a chance for
asymmetric returns and they have the ability to recognize the impact of extreme events. By
making investors better provided, it can potentially lead them to higher returns.

Skewness can be added to mean-variance model, and if, on the top of that, we add entropy, we
get a well-diversified portfolio — MVSE. This is a model where the aim is to maximize the
skewness and entropy of weights, while minimizing the variance, presented as follows:

minv' Cv
maxv'S(v X v)
max —v' Inv

5.7

Here we have introduced various measures that improve portfolio performance. Transaction
costs (turnover) have also been shown to be lowest when using this model.
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5.2.4 Diversification regarding the terms of entropy

As we were introduced at the beginning of the chapter, Markowitz defined the concept of
portfolio diversification. In his model, when number of asset increases, the variability of
expected return decreases, as the specific risk within the portfolio. We can see that in Figure 8.

Y ~— Specific risk

K
Market risk

Number of assets

Figure 8 - Market and specific risk

As we can see, we divided total risk into specific and market risk. Specific risk can be
diversified, because it is a part of risk which is specific to the firm, while market risk is
connected to the whole economy. The risk that comes from specific sources is more uncertain,
has limited possibilities of risk protection and often unpredictable factors specific to each
company. Nevertheless, investors must consider both types of risks to make right decisions and
manage overall portfolio risk.

The reason we started the topic of diversification again lies in the interesting fact. The division of
the total risk described above can be represented with entropy. More precisely, by the chain rule
of entropy.

We will observe:

e A —anasset

e M — market index

e H(A) —Risk associated with the asset X

e [(A; M) — mutual information between A and M which measures shared information, i.e.
shared risk, so we can see it as market risk.
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e H(A|M) — specific risk associated with A given the market index M

So, we can decompose H(A) into mutual information (A, M) and conditional entropy H(A|M),
Le.

H(A) = H(AIM) + [(4; M) 5.8

Now, we inspect how entropy reacts to diversification and how sensitive is in respect to this.

The concept of convexity is closely related to diversification in the context of portfolio
management and risk analysis because it influences how the risk of a portfolio changes as more
assets are added. The convexity of the standard deviation function implies that the effect on total
risk becomes smaller as you diversify the portfolio by adding more assets. Convexity contributes
to the sensitivity of portfolio risk as it decreases with further diversification. As we aware, the
entropy is a concave function, but negative entropy is a convex.

One important property of entropy is subadditivity:

H(X,Y) < H(X) + H(Y) 5.9

It can be seen there is a reduction in uncertainty (risk) when both variables are consider jointly.
This property supports the idea that considering multiple variables together can lead to risk
reduction or increased sensitivity to diversification.

Some scientists claim that using entropy as a measure of diversity has some advantages. Entropy
is not limited to numeric data and can be applied to various types of information.

5.2.5 Empirical verification

It was empirically confirmed that when variance is used as a measure of risk, diversification can
be a risk-reducing factor. In the experiment, an equally weighted portfolio was used.

An equally weighted portfolio is type of investment portfolio where the investor allocates an
equal amount of money or an equal percentage of the total portfolio value to each individual
asset. Giving each asset the same significance is the aim of an equally weighted portfolio.

Now, using a similar experiment, it can be confirmed how entropy responds to diversity. In
experiment, the analysis is based on 15 different stocks from the New York Stock Exchange. The
information used is the monthly closing prices of these stocks (last traded price at the end of the
day). The data covers period from 2004 to 2013. For each of these stocks, there are 107 monthly
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observations. Then we started adding assets to the portfolio ranked by the amount of riskiness,
starting with the riskiest. The conditional entropy is used to quantify the specific risk. The term
‘normal entropy’ was introduced as the entropy calculated based on normal distribution. The idea
is to use normal entropy for comparing portfolios instead of using standard deviations, since it is
equivalent to standard deviation, but offers comparison across different datasets.

Normal

Entropy

Entropy

Number of Assets

Figure 9 - Comparison of the empirical and normal entropy

A sketch of the results is shown in the image above. We can see that both empirical and normal
entropy (standard deviation) decreases as the numbers of assets increases. Consequently, entropy
can also be used to quantify diversification because it is highly responsive to the effects of
diversification.

Moreover, we can see that normal entropy is greater than empirical. It may indicate that risk is
overvalued or predictability is undervalued when assets are normally distributed. This research
leads us to the conclusion that variance is less informative than entropy. Furthermore,
distribution-free property is advantageous, because doesn’t require knowledge of the exact
distribution.

Additionally, this experiment offers empirical support for the entropy subadditivity rule.

HlpX + (1 - @)Y] < H[pX]+ H[(1 - ¢)Y] 5.10

where ¢ = "
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5.2.6 Best performing multi objective portfolio model - MEE model

The first and second moments are typically unsatisfactory and incomplete to explain portfolios in
the situation of non-normal return distribution, since it is empirically demonstrated that returns
on practically all asset classes and portfolios are not normally distributed. The logical
consequence is that performance of a single objective is poorer than of a multi-objective model.
Moreover, it has been discussed that if in such models entropy is much more useful to use than
variance. In this chapter, we provide an entropy-based multi-objective portfolio model that
guarantees a well-diversified portfolio and appropriate utilization of historical risk.

5.2.6.1 Entropy based multi-objective portfolio model

For a well-diversified portfolio model, at least two objectives ought to be accomplished:
diversification and risk minimization. That can be formulated as:

min Z v;? A;
, 5.11

with respect to the constraints

n
Z viR; =1, 5.12
i=1
n
v; = 1 5.13
i=1
where

A;- risk associated with the ith asset
R; — return from the ith asset
T,- expected return

v; — portfolio weight for the ith asset
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This can be reconstructed, combining these two objectives into the single one objective as:

n n
minz vZA; + fz v; Inv;
i=1

i=1

5.14

where & determine the trade-off between risk and diversity.

e For ¢ =0, and risk A; is changed to corresponding variance estimate, this model becomes
single objective, well-known MV model.

e For £ =0, and A4; is changed with corresponding entropy estimate, model becomes ME
model

e For & >0 and A;is changed to corresponding variance estimate, we got MVE model

e For & >0 and A; is changed to corresponding entropy estimate, MEE (mean-entropy-
entropy) model is obtained.

In the MEE model, entropy is used as a measure of both risk and diversity.

5.2.7 Measure of performance

The most straightforward way of measuring portfolio performance is by using the Sharpe ratio,
which is calculated as ration between expected value of the return and standard deviation of the
return. Given how it is calculated, we conclude that it is only applicable for the normal
distribution. The use of the Sharpe ratio in situations where return distributions are non-normal
might result with false conclusions and unresolved contradictions.

In order to properly assess the performance of the models we mentioned, alternative measures
were used. Some of them are: ASR (Adjusted for Skewness Ration), MADR (The Mean
Absolute Devitation Ration), etc. More about them and their formulas can be seen in [28].

5.2.8 Application of the model to stock market data

In this section, we will represent the results of comparing the models we discussed above (ME,
MEE, MV, MVE) which were applied on four stock markets (Shanghai stock exchange (SEE),
Korea exchange (KRX) and New York stock exchange (NYSE)). The observed time period is
from 2009 to 2012. Dataset is consisted of 15 stock prices and the market index.
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Summary statistics of stock returns of four stock exchanges was calculated, as well as
performance of different portfolio models for each stock exchange. Both in-sample and out-
sample periods were considered.

In the paper [28] you can see detailed tables with results for each stock exchange, here will be
represented one as an example, and later we will be discussed the results and the best

performances.
Shapiro-Wilk
Stock Name Mean | Vanance | Entropy Skewness | Kurtosis | nommality test pevalue
Hankuk Steel Wire Co Ltd 14061 | 3856402 | 16331 11,5499 0.2177 0.9] j4** 0.0000
TaikanFiberaptics Co Lid 00265 | 3244033 | 1.6923 1.0514 6, 5448 0,920 # £0,0000
Kocom Co Lid 05341 | 2230512 | L7166 0.90346 6.4239 (.9240%* 00,0004
ATLASBX COMPANY LIMITED 35648 | 3017039 | 1.7425 0.7121 53548 0.95]1%* 0.0010
KB Autosys Co Ltd 13184 | 3013374 | L7094 1.3196 ., 8050 0.9200%* 0.0000
Austemn Co Lid 16799 | 1R9.7367 | 2.1202 03181 27821 09827 0.2142
AZTECH WB COMPANY LIMITED 19220 | 4435969 | L6025 0,7829 6, 3598 0,9342%% 0.0001
Karea Real Estate Investment & Trust Co Ltd 09285 | |RA067R | 19208 01930 | 347 09819 00,2639
Aurorn World Corp 132377 2627860 | 1.9382 0.5813 1.4949] (L.9518%* 0.0054
Atec Co Lid 15973 [297.7796 | 14837 2ME6 | 123691 0.8003** 00,0000
KODACO Co Lid 001387 | 3106263 | 1.B7R 0.5002 40770 0.9785 01014
Komelon Corp 00290 | B3,1495 | L6696 04031 6,534 09456 0.0004
AnamInformation Teclnology Corp 1O80G | 4809879 | L7874 0.2714 4.2859 01,9606 * 0.0044
Kaona 1 Co Lid 20014 | 3968853 | 1.903E 00,5366 4,3313] 0.9740* 0,044 8
AfreecaTV Co Lid 2505 | 2234037 | LEI94 00066 1.955] 09785 {1, 1009
KOS Pl composite Index 07559 | 387713 -1 8696 3.6053 0.9566%* 0.0023
Table 1 - Summary NYSE
In-Sample Cit-of-Sample
ME MEE MY MVE ME MEE MY MVE
Return 0.5417 | 05468 | 0.5016 | 04982 0.5384 | 05415 | 0.4333 | 04333
Yariance 325262 | 320207 | 212564 | 21.2683 A2.6766 | 322088 | 22006 | 220416
Entropy 001183 | 01189 | 03762 | 03606 01187 | 01192 | 03277 | 03277
SR(Var) 00950 | 008967 | OLI0RE | 00080 00942 | 00954 | 00823 | 00923
SR(Ent) 1.5751 | 1.5861 | 08169 | 08286 1.5629 | 15686 | 0.7570 | 0.7570
ASR 00025 | 00040 (L1078 0107 00025 [ 00017 iy 00017
MADR 01423 | 01383 | 01181 10,1206 0,01423 | 01357 | 0999 | 0099
S5R 1241 01278 (11568 1.1554 1241 0. 1262 (11322 0, 1322
FTR 12915 | 2980 1.3216 | 3200 |.29]15 [.2934 1.2678 I.2678
Portfolio turnover | 000061 | 00023 | 01078 | 00017

Table 2 - Performance of different portfolio models (NYSE)
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Note: SR(Var), SR(Ent), ASR, MADR, SSR, FTR are different ratios for measuring
performance.

Stock returns often show characteristics that deviate from a normal distribution. Financial
markets are known for their complexity, and various factors can contribute to non-normality,
asymmetry, and excess kurtosis in stock return distributions.

We will not go through each stock exchange individually, but we will draw a conclusion based
on all 4 together, because the results are similar in most cases.

For all four stock exchanges, multi-objective models perform better than singe-objective models.
MEE gives the highest portfolio return for both in and out of sample periods. Also, it has the best
performance measures. Moreover, MEE vyields the lowest portfolio turnover. It can be good or
bad, depends on expectations and preferences of investors. Lower portfolio turnover is good for
investors who prefer buy-and-hold strategy. This strategy requires fewer transactions, so
transaction costs are lower. However, for someone who doesn’t like to miss any opportunity, low
turnover is not desirable.

In the early literature, entropy is employed separately, for a diversity or as a risk measure. A
more comprehensive portfolio model is provided by the multipurpose use of entropy in MEE.
MEE can be used to realize the potentially significant investment gain instead of a variety of
portfolio investment strategies.
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Chapter 6

Application of Rényi entropy in portfolio theory

This chapter is mostly based on [14].

This chapter's objective is to provide a generalization of Shannon's entropy and examine the
advantages of using it as a risk measure in portfolio optimization.

We have seen that recently the use of entropy as an investment criterion has become popular.
However, its application to portfolio selection is still in its infancy and there is still much to learn
about the possible benefits of entropy regarding this problem. As we have seen earlier, non-
normality is a challenging problem which we tried to solve by introducing entropy as an
additional parameter in the models described above.

In this chapter, however, we address this problem by introducing a new term, i.e. the
generalization of Shannon entropy, named Rényi entropy. The goal is to estimate portfolio risk
through the amount of randomness carried by its returns. Unlike Shannon entropy, Rényi entropy
gives us an additional parameter which controls how uncertainty is measured. We will see how
the parameter controls both the center and tail part of distribution. We will also see how
minimizing Rényi entropy yields portfolios that outperform minimum variance portfolios.

We will explore theoretical basis of the Rényi entropy, its exponential measure as a risk measure,
introduce minimum Rényi entropy portfolios, and support all this with empirical evidence. The
main parts will be described, and results will be presented.

6.1 Rényi entropy - definition

Thirteen years after the introduction of Shannon’s entropy, Rényi suggested generalization with
help of a parameter p € R™.

Definition 7: Rényi entropy is defined as:

n
1
H,(X) = T log(Z pf’) 6.1
P i=1
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where p € [0,0], p # 1. In case of continuous random variable, the definition changes slightly
to:

1
Ho00 = —n [ fCdx 2
1-0p
For p — 1, Shannon entropy is recovered, i.e.
H,(X) = lim H ,(X) = H(X) 6.3
p—1

6.2 Exponential Rényi entropy and its connection with deviation risk
measures

Despite the fact that Rényi entropy has interesting properties, its exponential transformation is
considered to have more natural properties when dealing with risk. Hence, we will transform the
Rényi entropy defined above into an exponential form.

Definition 8: Exponential Rényi entropy is defined as follows:

1

Hy(X) = exp(H, (X) = ( f (i (x))? dx)l_p 6.4

Note: for p — 1 this expression become exponential Shannon’s entropy.
Now we apply this measure to build a portfolio with a minimal risk.

Deviation risk measures belong to the class of risk measures used to quantify deviations of a real
portfolio’s return as opposed to what is expected. The most common deviation risk measures are
Standard Deviation, VaR (Value at Risk) and extensions of both. These measures are crucial for
risk management and assessment.

Regarding the properties, a mathematical and conceptual similarity was noticed between the
exponential Rényi entropy and deviation risk measures.

Deviation risk measures satisfying the following four properties: positivity, positive-
homogeneity, translation-invariance and subadditivity. It has been proven that H,(X) satisfies
the same properties. More about properties and proofs are given in a paper [14].
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6.2.1 Exponential Rényi entropy and its interpretation with different values of the
parameter p

In this section we will see how the adjusting parameter p affects the central and tail parts of the
distribution which might lead to alternative definition of risk, since adjusting p changes the way
entropy is measured. What is certain is that the parameter p contributes to flexibility.

For a demonstration, we will first take p to be either 0 or co to see how extreme cases behave.

e When p =0 risk is measured with the support of distribution. That means that the
emphasis is on the whole range of possible outcomes. Event with the lowest probabilities
contribute the most to the risk measure, i.e. rare events (extreme values) have a greater
impact.

e When p = oo risk is measured with by the maximal probability, i.e. the risk measure
becomes sensitive to the most likely outcomes. Concentrating only on the most likely
outcomes indicates that most of the risk is attributed to the events with the highest
probability. Rare events or extreme values have little influence on the risk measure when
p is very large.

From this we can conclude as p approaches infinity, the influence of tail events or extreme
values is neglected. Since one of the key concerns in portfolio theory is managing the risk
associated with extreme events or tail events, we want to avoid large parameter values. The ideal
case is to find a balance between the most likely outcomes and extreme events. Finding the right
value for the parameter p is very important because it can balance the investor's appetite for risk
with the nature of the asset's return.

Using a graphic example, we will see how by decreasing p, the exponential Renyi entropy
becomes more sensitive to events in the tail or extreme outcomes in the distribution. The entropy
is evaluated for different values of parameter in the t-Student distribution. The number of
degrees of freedom in the t-distribution influences its shape, particularly its tails. This analysis
helps to assess how the Exponential Rényi Entropy reacts to changes in the behavior of the tail of
the distribution.

Formula used for this example is given in [37].
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Number of degrees of freedom (v)

Figure 10 - Sensitivity to tail uncertainty of the exponential Rényi entropy

We can see that for p = 0.4 the sensitivity to increasing tail uncertainty is the most visible.
It implies that a risk measure or investment strategy is becoming more responsive to extreme or
rare events in the tails of the probability distribution. More specifically, it was concluded both
through empirical results and through various arguments that favorable setting for p is between 0
and 1, i.e. p € [0,1] .

6.2.2 How Rényi entropy interconnects with portfolio selection

In this section we will use exponential Rényi entropy as an objective function to support
investment strategies. It is best proposed to create a minimum risk portfolio that we can call a
minimum Rényi entropy (MRE) portfolio. In this way, the exponential Rényi entropy of the
portfolio return will be minimized.

If R is the portfolio return, v = (vy, ..., v,)" is the vector of portfolio weights, X = (X3, ..., X;,)
random asset-return vector, we can define portfolio return as

n

R=vX= Z UiXi 6.5
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Definition 9 (Minimum Reényi entropy portfolio): If we have a set of n assets, the MRE portfolio
for a given p is defined as following:

vy =min H. (R 6.6
P vev p( )’

where V is a set of constraint on v, and 1,,v = 1 holds, i.e. 100% is invested.

When someone talks about the "higher-order moments of portfolio return,” they are usually
referring to moments beyond the second order (variance). Skewness is considered as the third
moment) measuring the asymmetry of a probability distribution, as we have shown in the
previous section. Kurtosis is considered as the fourth moment measuring the “tailedness™ of a
distribution. High kurtosis indicates heavy tails, meaning that the distribution has more extreme
values (outliers), while low kurtosis indicates lighter tails.

Positive kurtosis

Normal distribution, kurtosis=0

Figure 11 - Types of kurtosis

Regarding the higher-order moments, minimum Rényi entropy portfolio is more suitable than
minimum-variance since it aims to incorporate information from higher-order moments into the
optimization process. By addressing the risk and uncertainty brought on by the skewness and
kurtosis of the portfolio returns, the minimum Rényi entropy portfolio offers a more realistic
method of risk management and portfolio creation. To show this, we introduce the Gram-
Charlier expansion of Rényi entropy.

The Gram-Charlier expansion is a method applied to approximate probability distributions. It's
particularly useful for capturing deviations from a normal distribution, and it provides a more
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detailed analysis considering higher order moments. Through the next proposition we will see
how exactly.

Proposition 2: Let X € L*(Q) and X = % standardization for a random variable X which

follows a standard normal distribution. (This transformation is commonly used to compare
values from different distributions or to identify outliers.)

Skewness (S) is defined as

S(X) = E(X?) o7

Kurtosis (K) is defined as

K(X) = E(X*) -3 68

The standardized form is used to eliminate the scale of the original distribution so that skewness
and kurtosis are expressed in a dimensionless manner, making them comparable across different
distributions

HSE(X) = H,[n(0,/VX))] + b (0)K(X) + by (p)S(X)? + bs (p)K (X)? &9

with coefficients

1-p 6.10
b = —
1(p) 8p
3p%2-6p+5 6.11
by(p) = —%
3p* —12p3 4+ 42p* — 60p + 35 6.12
b3 (p) = — 384552

For p = 1, the expansion of Shannon entropy is recovered:

HEE(X) = Hy[n(0,/V(X))] - —S(X)2 — —K(X)Z 6.13
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It can be noted that in this kind of setup, b,(p) = 0, therefore Rényi entropy is in noteworthy
advantage, since it can control kurtosis.

In the following picture coefficients b, (p), b,(p), b;(p) are presented.

|

|
* B3
o

Higher-moment coefficients

2 b |7
— by(p)
.5 -
— bs(p)
) 1 1 1 1 1 1 1 1 1
0.25 0.5 1 1.5 2 2.5 3 3.5 1 4.5 5
p
Figure 12 - Behavior of coefficients
H,[n(0,/V(X))] = H,[n(0,1)] + - ln V(R) provides the explicit connection between MRE
and higher-order portfollos
1
v, ~arg rlggyiln V(R) + b, (p)K(R) = b,(p)S(R)? + b3(p)K (R)? 6.14

What can be observed in the picture is: when f is close to a normal distribution, b, (p) K (R) will
have the most contributions. It may be noted that when p < 1,b;(p) > 0 MRE portfolio is
similar to minimum-variance-kurtosis portfolio, which we did not mention in this paper, and
more about it in [21]. However, when p > 1,b,(p) < 0 and the effect is reversed.

As we know, traditional models frequently assume a normal distribution of returns. It is known
that kurtosis normal distribution has a kurtosis of 3. If it is highly probable that extreme values
are less likely, lower kurtosis would be preferred.
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As we can see, for p € [0,1], the kurtosis is lower, and with assumption that investor is risk-
averse, he certainly prefer lower kurtosis, therefore this setting of p is natural, as we mention
earlier. Changing p changes the minimization of variance and tail uncertainty.

Next, b,(p) and b;(p) are negative for all p, therefore b,(p)S(R)? and b;(p)K(R)? can be
seen as factors that moving the solution away from normal distribution skewness and kurtosis.
This is logical given the nature of Shannon’s entropy which is maximal for the normal
distribution.

6.2.2.1 Robust estimator of exponential Rényi entropy

To avoid making bad assumptions about the data distribution, we introduce a robust estimator
since it provides reliable results despite extreme values. Therefore, the objective is to estimate
exponential Rényi entropy in a robust way using appropriate estimator. In this work the m-
spacing estimator is used. This estimator is appropriate because it observes the differences
between successive values in the data in a robust way, which implies that the influence of
extreme values is reduced. The use of m-spacing ensures a better observation of the distribution
characteristics. Robustness ensures resistance to outlier. Ensuring robustness is crucial for
achieving a good out-of-sample performance. It is important that the construction of the portfolio
be stable regardless uncertainties in the true return distribution. The detailed properties and
implementation of this estimator is covered in paper [14]. Here we will report only the final
results for the sake of brevity.

6.2.3 Empirical study - comparison of MV and MRE portfolios

6.2.3.1 Methodology

Now it is time to demonstrate practically the interest of the strategy proposed in this chapter in
comparison with several different minimum-variance strategies. Six datasets were used, which
are often benchmarks in the literature.

First, MRE portfolios are compared with each other for given different values of the parameter
p € {0.3,0.5,0.7,1,1.5,2}. Second, MRE portfolios were compared with five different MV
portfolios.

The portfolios are constructed by dynamic rebalancing which involves periodically reviewing
and adjusting portfolio to respond to the certain changes. The portfolio is reviewed and adjusted

55



Some applications of information theory to investments

every year. Historical data from the past ten years was gathered for making decisions. The total
period of analysis is from 1963 to 2016, that is 43 years. We want to see how well portfolios
perform over this period of time, using out-of-sample data.

Regarding robust estimator, it is concluded that with increasing m, stability of portfolio weights
IS improved.

In order to improve stability and performance in real situations, it is good to limit the range of
possible solutions. Without limitation, optimized portfolios can have high turnover, which means
that the composition of the portfolio changes a lot, which is not desirable when there are a small
number of assets. Also, the constraint is introduced based on the explanation that stocks with
higher standard deviations are more prone to estimation errors. Consequently, global variance-
based constraint (GVBC) established by [15] was introduced. GVBC is a method that imposes
more stringent constraints on stocks with higher standard deviations in order to improve the
stability and performance of out-of-sample portfolios.

Lastly, for measuring portfolio performance, three criterions are used: well-known The Sharpe
Ratio, Adjusted Sharpe Ration (ASR)

6.15

S(R) . K(R)
31 774l SRZ)

ASR = SR <1 + SR

and turnover. Portfolio turnover is a measure of how quickly assets are either bought or sold over
a given period of time. High turnover rate will have higher fees to reflect the turnover costs.
Higher turnover can introduce more uncertainty and potential risks, but it can also present
opportunities for gain. Lower turnover is generally associated with lower transaction costs. [6]

6.2.3.2 Results

Since we have 6 values of paremeter p, we comparing performance of 6 MRE portfolios.
Regarding SR, the best results give values of parameter between zero and one. Also, the
parameter selected in this way enables the reduction in portfolio turnover. If we take the average
of all six datasets, p = 2 provides monthly turnover of 86.7%, and p = 0.3 provides 32.7%.
Moreover, the smaller the alpha and the closer to zero, the more the turnover drops. However,
although the advice is to use small values of p, for skewness and kurtosis, it may lead to high tail
risk. Smaller the p leads to decrease of skewness (extreme events are less likely) and increase of
excess kurtosis (extreme events are more likely). For p = 0.3 it is best trade off between risk,
return and turnover.
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Next, we compare MRE and MV. There are several noteworthy observations that can be made.
For instance, for p = 0.3 MRE shows better performance than all five MV portfolios. MRE
outperforms MV for both SR and ASR. But, regarding turnover, MV portfolios are more stable
than MRE. This can be expected since MRE consider higher-order moments, which are more
influenced by extreme events, leading to potentially higher turnover as the portfolio reacts more
strongly to unexpected or extreme market conditions.

The choice between these approaches depends on many factors. But overall, it can be thought
that Rényi entropy is a more appropriate risk criterion than variance, more notably for a low
values of p.
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Sharpe ratio
MRE portfolios MYV portfolios
a=03a=05a=07 a=1a=15 a=2 Y Yoo B %, MP
6BTM 0.844 0845 0846 0841 0832 0815 0835 0821 0833 0836 0.841
25BTM 0.985 0980 0973 0961 0937 0806 0953 0013 0951 0957  0.956
6Mom 0.768 0.763 0753 0750 0716 0.700 0.738 0741 0738 0737 0.731
25Mom 0.936 0948 0957 0960 0954 0028 0.902 00820 0904 08903 008916
10Ind 0.005 1.001 1.014 1013 0071 00836 0977 0070 0983 0973 0976
17Ind 0.038 0947 0036 0965 00905 0.801 0036 0024 0035 0935 0018

Average 0911 0.914 0913 0915 0.886 0.863 0.800 0.882 0.801 0.890 0.890

Skewness
MRE portfolios MYV partfolios

a=03a=050=07 a=1 a=15 a=2 ¥ E B X MP
6BTM -0591 -0601 -0612 -0622 -0.643 -0.621  -0.520 -0.497 -0.520 -0.523 -0.500
25BTM  -0533 -0538 -0568 -0566 -0.600 -0.631  -0.447 -0.308 -0.430 -0447 -0.532
6Mom -0451 -0448 -0439 -0425 -0.397 -0.365 D418 -0.415 -0416 -0417 -0.403
25Mom  -0536 -0521 -0505 -0491 -0.436 -0372 -0491 -0.452 -0478 -0.494 -0.513
10Ind -0208 -0226 -0243 -0.219 -0.212 -0.187  -0.192 -0.173 -0.182 -0.195 -0.176
17Ind 0.037 0049 0.056 0040 0080 0072 0118 0167 0145 0117 0.078
Average -0.380 -0.381 -0.385 -0.381 -0.369 -0.351 -0.325 -0.280 -0.314 -0.327 -0.356

Excess kurtosis
MRE portfolios MV portfolios
a=03a=05a=07 a=1a=15 a=2 Y Xoc Zep %, MP
6BTM 2.561 2586 2612 2645 2723 2623 2375 2202 2378 2301 2540
25BTM 2557 2617 2701 2537 2445 2641 2243 1007 2182 2253 2571
6Mom 2.120 2.002 2026 1986 1.824 1.717 2048 2.004 2.043 2050 2.010
25Mom 2.780 2.783 2763 2718 2507 2313 2524 2472 2507 2532 2.678
10Ind 1.355 1202 1280 1207 1.101 1.216 1208 1251 1277 1300 1.232
17Ind 2.614 2452 2423 2107 2660 2411 3102 3337 3224 3.083 2701
Average 2.331 2.304 2.301 2.200 2.212 2.153 2.265 2.210 2.269 2.268 2.289

Turnover
MRE portfolios MYV portfolios
a=03a=05a=07 a=1a=15 a=2 Y Xor B ¥, MP
G6BTM 0.166  0.164 0.164 0172 0219 0.250 0.149 0148 0.148 0144 0.151
25BTM 0.454 0497 0.583 00945 1324 1514 0.304 0330 0387 0380 0433
6Mom 0.148 0.152 0.165 0,178 0233 0.268 0.152 0157 0151 0151 0.162
25 Mom 0.383 0301 0484 0500 0845 1.165 0.350 0348 0342 0348 0.363
10Ind 0.328 0324 0353 0416 0567 0.744 0252 0246 0244 0253 0.205
17Ind 0.481 0.530 0.648 0.790 0.094 1.260 0381 0357 0362 0381 0417
Average 0327 0.343 0400 0517 0.697 0.867 0.280 0.274 0.272 0.277 0.303

Table 3 — Results

Note: ais p in our case and £, £, Zsr, 2, and MP are different types of minimum-variance
portfolios we mentioned above.
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From those results, it can be concluded that we have achieved reliable out-of-sample
performances. Moreover, Rényi entropy has proven to be a powerful alternative to existing risk
criteria and outperform traditional MV model, but it also opened the door to other applications
and new ideas. For instance, this research gives an idea for a different and potentially more
attractive way of implementing entropy, which is to maximize the entropy of portfolio returns.
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Chapter 7
Conclusion

To conclude, uncertainty is one of the main characteristics of gambling, but also in investing in
the stock market. What is certain is that the 50s and 60s of the last century marked enormous
achievements in finance and information theory. Shannon, Kelly and Markowitz are proven
geniuses of their time, since their fundaments still remain popular and fertile ground for research.

In the first half of the thesis, we got to know the ground breaking theory in financial field and
showed the basics of the Kelly criteria which highlight close connections with information
theory. We tackled the theory through its application in gambling. We started from the simplest
things to the more complex ones, but again not enough as wide range of application. In recent
times, the theory that originated in the 60s, has flourished again in 21% century and this is shown
by the fact that variations of the Kelly criteria are used by the most famous investors, among who
is Warren Buffet [8]. We have seen how entropy and its modifications play a key role, but also
stochastic processes and their entropy rate. Generally, we have seen how different notions from
information theory are related to different betting strategies. The aim of this thesis was to show
how information theory contributes to this topic, but if we want to go further and deeper we
could see how experts advise never to use the full Kelly criterion, but modifications or
‘“fractions’. This problem has been widely elaborated in recent researches as well [33] where
different experiment was conducted. Also, one of the greatest applications of Kelly Criterion is
by using it for card counting in blackjack, discovered by Edward O. Thorp, where the subject is
elaborated in a popular book ‘Beat the Dealer’, and more about game of blackjack in [9]. It can
be said that it was information theory that helped Edward beat the casino. Although it sounds
mathematically perfect, this theory still has its flaws and limitations. One of the main problems is
the assumption of an ideal scenario that often conflicts with reality. When theory and practice are
in agreement it means that the probability distributions are correct and well known. In [16] both
positive and negative sides are highlighted. In short term period, gambling is mostly based on
luck, making the game difficult to predict. When looking at the long-term goal, the good
qualities still dominate, but it must be remembered that the background must be well known and
that the criterion is carefully applied, paying attention to the risks.

Although there are various scientific works that have continued the narrative in direction
extending Kelly criterion to managing portfolios of investments, we nevertheless took a different
path with the desire to see in what other ways information theory can be applied.

The purpose of the second part is to analyze several models to solve some of the challenges
faced in the field of portfolio selection, focusing on risk and how to better measure it. We
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actually focus on upgrade and improvement of a well-known Markowitz mean-variance model.
Markowitz received the Nobel Prize for his work, so the problem was well set even at the very
beginning of the 70s, it was only supplemented with additional parameters or objective
functions, and the technology used to test the model advanced. Everything that exists today is
based on what was created 70 years ago. But our aim is to go beyond and rely on information
theory and try to improve traditional model and also introduce strategies that accounts for higher
moments. Attention was drawn to the model Mean-Entropy-Entropy that showed the best
performance and we saw that entropy is a good measure of risk as well as diversification.
Entering the world of entropy, we investigated Rényi entropy as a more flexible measure of
Shannon’s entropy and again showed how this way of approaching risk is better than the
traditional one. The traditional model is still in use because of its clarity, mathematical ease, and
is based on a lot of researches. Entropy is somewhat more complex to calculate so in this work
but also in any other the simplified real complexity of financial markets was used.

The application of information theory to investment, exemplified through the exploration of the
Kelly Criterion, portfolio theory, and entropy-based risk measures, underscores the profound
impact that harnessing principles of information theory can have in optimizing decision-making
processes within the realm of finance, ultimately paving the way for more efficient and effective
investment strategies in an increasingly complex and dynamic market environment.
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